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Lagrangian DG 1D Element and Quadratic Polynomial Details
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Summary of Lagrangian DG CCH equations for reference element

Momentum:

Total Energy:

Mass matrix:

Velocity:

Mkl dul

dt
= sg ⋅ ψg

k jgJg
−1 ⋅σ g

*( )Λg
g∈∂Ω
∑ − ∇ξψg

k( ) ⋅ jgJg−1 ⋅σ g( )Ωg
g∈Ω
∑

Mkl dτ l

dt
= sg ⋅ ψg

k jgJg
−1 ⋅σ g

* ⋅ug
*( )Λg

g∈∂Ω
∑ − ∇ξψg

k( ) ⋅ jgJg−1 ⋅σ g ⋅ug( )Ωg
g∈Ω
∑

dx p
dt

= u p
*

Basis functions:

Jacobi transformation:

All calculations are 
done on the 
reference element

p

ξ

η

ξ=1

η=1

η=-1
ξ=-1

sΛ
Gauss points, g

ψ l (ξ )

Mkl = ρgψg
kψg

l jgΩg
g∈Ω
∑

j = det(J)Φ(ξ, t) = x pθ p ξ( )
p
∑J =∇ξΦ=

∂x
∂ξ

Specific Volume: Mkl dvl

dt
= sg ⋅ ψg

k jgJg
−1 ⋅ug

*( )Λg
g∈∂Ω
∑ − ∇ξψg

k( ) ⋅ jgJg−1 ⋅ug( )Ωg
g∈Ω
∑
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Limiting of Modal Fields in High Order Lagrangian DG is Needed 
for Shocks
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⌘
if U (⇠j) < 0

1 else

Barth-Jespersen Limiter

Nodal Fields – Single Limiter

Modal Fields – Hierarchical Limiting

U(⇠j)lim = U+ �
�
U(⇠j)� U

�

D. Kuzmin. Slope limiting for discontinuous Galerkin approximations with a possibly non-orthogonal Taylor basis. International Journal for 
Numerical Methods in Fluids, 2013. 
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Outline

• Solid Mechanics Models
• Deformation Mechanics
• Constitutive Models
• Analytic 1D Test Problem
• 2D Test Problems
• Summary

• Reactive Models
• ZND Detonation Wave
• Models
• Results
• Summary



Los Alamos National Laboratory

1/22/19   |   6

LA-UR-

Outline

• Solid Mechanics Models
• Deformation Mechanics
• Constitutive Models
• Analytic 1D Test Problem
• 2D Test Problems
• Summary

• Reactive Models
• ZND Detonation Wave
• Models
• Results
• Summary



Los Alamos National Laboratory

1/22/19   |   7

LA-UR-

Overview of Deformation Mechanics

Velocity Gradient (L) Deformation Gradient (F)

Displacement Gradient (!Xl)

L = ḞF�1
<latexit sha1_base64="+0xPvxfrZb1YyvnfKUllPB4kM1s="></latexit><latexit sha1_base64="nzvZwCSEjwvrDWQjdZOFW5HQjS4="></latexit><latexit sha1_base64="nzvZwCSEjwvrDWQjdZOFW5HQjS4="></latexit><latexit sha1_base64="gKeGArq7pNcEpfbtvJY3u8gjZlw="></latexit>

L = r
x

u
<latexit sha1_base64="aM6w39g7e4iH7gKB6LOspUuWVpw="></latexit><latexit sha1_base64="xSnQ3QaJagkHI5bo+xJqCA+t/qI="></latexit><latexit sha1_base64="xSnQ3QaJagkHI5bo+xJqCA+t/qI="></latexit><latexit sha1_base64="DFQAIZT7mEkxhgGfD9bsvnYUEGo=">AAACQ3icbVDLSgMxFM34tr5auxHcBIvgqsyIoBuh4MaFCwVbC51SbtKMhmaSIcmoZRi/xq3+hR/hN7gTt4Lp2IW1PRA4nHMPN/eQRHBjff/dm5tfWFxaXlktra1vbG6VK9sto1JNWZMqoXSbgGGCS9a03ArWTjSDmAh2QwZnI//mnmnDlby2w4R1Y7iVPOIUrJN65Z0sJBG+yE9DCURA7xEXQpr3yjW/7hfA0yQYkxoa47JX8aphX9E0ZtJSAcZ0Aj+x3Qy05VSwvBSmhiVAB3DLOo5KiJnpZsUJOd53Sh9HSrsnLS7Uv4kMYmOGMXGTMdg7898bibO8Tmqjk27GZZJaJunvoigV2Co86gP3uWbUiqEjQDV3f8X0DjRQ61qb2EKUGlggZuKSLE6FyygxQ9XqYVRj8L+0adI6rAd+Pbjya42jcaEraBftoQMUoGPUQOfoEjURRU/oGb2gV+/N+/A+va/f0TlvnKmiCXjfPwGRsXk=</latexit>

Ḟ = rXu
<latexit sha1_base64="t3G0v+Es+ZawUVhTrIHSe9bzuIs="></latexit><latexit sha1_base64="IOVJb4SWfzKDqod++nJW+LTTNs8="></latexit><latexit sha1_base64="IOVJb4SWfzKDqod++nJW+LTTNs8="></latexit><latexit sha1_base64="TBU07L/3e9Ui9c9OJkcnyVcZdgA=">AAACSXicbVBNSwMxEM3W7/pV9ShIsAieyq4IehEEQTwqWFtoS5mk2RqaTZZkVinL3vw1XvVf+Av8Gd7Ek2ntwVYHAo/35s1kHkuVdBiG70Fpbn5hcWl5pby6tr6xWdnavnMms1zUuVHGNhk4oaQWdZSoRDO1AhKmRIMNLkZ640FYJ42+xWEqOgn0tYwlB/RUt7LX7hnM8zaL6WVRnLU1MAXdJh0zWdGtVMNaOC76F0QTUCWTuu5uBTt+Is8SoZErcK4VhSl2crAouRJFuZ05kQIfQF+0PNSQCNfJx4cU9MAzPRob659GOmZ/O3JInBsmzHcmgPduVhuR/2mtDOPTTi51mqHQ/GdRnCmKho5SoT1pBUc19AC4lf6vlN+DBY4+u6ktzJgBAnNTl+RJprzHqH9Yax5HMUazof0Fd0e1KKxFN2H1/HgS6DLZJfvkkETkhJyTK3JN6oSTJ/JMXshr8BZ8BJ/B109rKZh4dshUlea+AX9rsys=</latexit>

F = rXx =
@x

@X

<latexit sha1_base64="ffX3Tx+yU9g7Va8qHQyuglg4Wm8="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="qcSTyqqXYxOgkEDjPAZH1KBjoZU=">AAACG3icbVDJSgNBEK2JW4xREzx6GQyCpzDjRY+CF48RzALJEHp6epImvQzdNUoY8gNe/Qu/xpvkb+wsB7M8KHi8V0VVvTgT3GIQzL3SweHR8Un5tHJWrZxfXNaqHatzQ1mbaqFNLyaWCa5YGzkK1ssMIzIWrBtPnhd+950Zy7V6w2nGIklGiqecEnRSa1hrBM1gCX+XhGvSgDWGde9qkGiaS6aQCmJtPwwyjApikFPBZpVBbllG6ISMWN9RRSSzUbG8c+bfOiXxU21cKfSX6v+JgkhrpzJ2nZLg2G57C3Gf188xfYwKrrIcmaKrRWkufNT+4mk/4YZRFFNHCDXc3erTMTGEootmY0us9QRJbDc+KWQu3IwWe1SjP2YuxXA7s13SuW+GQTN8DaAM13ADdxDCAzzBC7SgDRQS+IQv79v78X5XaZe8dex12IA3/wPNOKUf</latexit><latexit sha1_base64="yMDtlRVowR+LaUGrQnZqtPQzUK0=">AAACVnicbZDNSgMxFIVvx///ti7dBEVwVWZcqBtBEMRlBauFTik3aUZDM8mQZNQy9E18Grf6Aq59ETO1oLW9EDh8Jzc399BMCuvC8LMSLCwuLa+srq1vbG5t71Rrm3dW54bxFtNSmzZFy6VQvOWEk7ydGY4plfyeDi5L//6JGyu0unXDjHdTfFAiEQydR73qSRHThFyNzmOFVGKvTcbgxYPEICviDI0TKD351e1Rr3oQNsJxkVkRTcQBTKrZq1V2475mecqVYxKt7URh5rpF+SKTfLQe55ZnyAb4wDteKky57RbjBUfk0JM+SbTxRzkypn87CkytHabU30zRPdr/XgnneZ3cJWfdQqgsd1yxn0FJLonTpEyL9IXhzMmhF8iM8H8l7BF9MM5nOjWFaj1wSO3UJkWaS9+j5Rxq9HMZY/Q/tFlxd9yIwkZ0E8Iq7ME+HEEEp3AB19CEFjB4hTd4h4/KV7AWVH8CDyqT5OswVUH9G1SNuZI=</latexit><latexit sha1_base64="yMDtlRVowR+LaUGrQnZqtPQzUK0=">AAACVnicbZDNSgMxFIVvx///ti7dBEVwVWZcqBtBEMRlBauFTik3aUZDM8mQZNQy9E18Grf6Aq59ETO1oLW9EDh8Jzc399BMCuvC8LMSLCwuLa+srq1vbG5t71Rrm3dW54bxFtNSmzZFy6VQvOWEk7ydGY4plfyeDi5L//6JGyu0unXDjHdTfFAiEQydR73qSRHThFyNzmOFVGKvTcbgxYPEICviDI0TKD351e1Rr3oQNsJxkVkRTcQBTKrZq1V2475mecqVYxKt7URh5rpF+SKTfLQe55ZnyAb4wDteKky57RbjBUfk0JM+SbTxRzkypn87CkytHabU30zRPdr/XgnneZ3cJWfdQqgsd1yxn0FJLonTpEyL9IXhzMmhF8iM8H8l7BF9MM5nOjWFaj1wSO3UJkWaS9+j5Rxq9HMZY/Q/tFlxd9yIwkZ0E8Iq7ME+HEEEp3AB19CEFjB4hTd4h4/KV7AWVH8CDyqT5OswVUH9G1SNuZI=</latexit><latexit sha1_base64="QUYWbXSNecZ48djCjv/UImzThq0="></latexit><latexit sha1_base64="QUYWbXSNecZ48djCjv/UImzThq0="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="/0Ul27Hf9HdFVHHVibM0volX5kE="></latexit><latexit sha1_base64="QUYWbXSNecZ48djCjv/UImzThq0="></latexit>

rX l = F� I
<latexit sha1_base64="kogGkeRroLUA5rryg+okVdPzLmw="></latexit><latexit sha1_base64="7JdzdknN7hbj38vPfVar3Y2eOdY="></latexit><latexit sha1_base64="7JdzdknN7hbj38vPfVar3Y2eOdY="></latexit><latexit sha1_base64="8YbLrrHn+sxTk7RAx16ogYgAvfo="></latexit>

Strain Rate (#̇)

"̇ = sym(L)
<latexit sha1_base64="QcYpMUovy6LyV+6JH2WaVNizuZQ="></latexit><latexit sha1_base64="kXln9Iyr4EZ9FLOGcRcq8wgYroo="></latexit><latexit sha1_base64="kXln9Iyr4EZ9FLOGcRcq8wgYroo="></latexit><latexit sha1_base64="dqNLO5H8L8XVyjNM7MpUgMqBaDw="></latexit>

Strain Definitions

" = sym(rX l)
<latexit sha1_base64="XYQs08NDm9h3xVZwf4ZKydGmgjQ="></latexit><latexit sha1_base64="WAzufy+L1xXM3f0OtFjcDB8zUEE="></latexit><latexit sha1_base64="WAzufy+L1xXM3f0OtFjcDB8zUEE="></latexit><latexit sha1_base64="aZWTOc/GPbcw1YTCQ393PyZXATs="></latexit>

Hydrostatic and Deviatoric

� = �0 � pI

Elastic and Plastic Components

" = "e + "p
<latexit sha1_base64="LtasEIyGHp6Op/G1xzlazESJ4bs="></latexit><latexit sha1_base64="Bd/3N2wrm1KzL9jfpqjtA4m/zRc="></latexit><latexit sha1_base64="Bd/3N2wrm1KzL9jfpqjtA4m/zRc="></latexit><latexit sha1_base64="rNWmjJnIq1ZmajAcX+U1S9voavk="></latexit>

F = FeFp
<latexit sha1_base64="lgU9li6o6wA4/t+110dT7opZlzg="></latexit><latexit sha1_base64="PAumEeTakG7eXvrMkRrKC2xdKYs="></latexit><latexit sha1_base64="PAumEeTakG7eXvrMkRrKC2xdKYs="></latexit><latexit sha1_base64="zBVVOOrelRzI3czrzQkW9rOVUB4=">AAACSHicbZDLSgMxFIYz9VbrrbVLEYJFcFVmRNCNUBDEZQV7gXYYMmmmhuYyJBmlDLPyadzqW/gGvoU7cWfaDmIvPwQ+/nMOJ+cPY0a1cd1Pp7C2vrG5Vdwu7ezu7R+UK4dtLROFSQtLJlU3RJowKkjLUMNIN1YE8ZCRTji6mdQ7T0RpKsWDGcfE52goaEQxMtYKysdpP4zgbQavYU4B+aM4KNfcujsVXAYvhxrI1QwqTrU/kDjhRBjMkNY9z42NnyJlKGYkK/UTTWKER2hIehYF4kT76fSODJ5aZwAjqewTBk7d/xMp4lqPeWg7OTKPerE2MVfVeomJrvyUijgxRODZoihh0Eg4CQUOqCLYsLEFhBW1f4X4ESmEjY1ubkso5cigUM9dkvKE2RnJVrhKPmc2Rm8xtGVon9c9t+7du7XGRR5oERyBE3AGPHAJGuAONEELYPACXsEbeHc+nC/n2/mZtRacfKYK5lQo/AKE/7Gb</latexit>

"0 = "� Tr(")/3
<latexit sha1_base64="8mm3MaxCUCVARjoSGwqxnwRWFxw="></latexit><latexit sha1_base64="8mm3MaxCUCVARjoSGwqxnwRWFxw="></latexit><latexit sha1_base64="8mm3MaxCUCVARjoSGwqxnwRWFxw="></latexit><latexit sha1_base64="8mm3MaxCUCVARjoSGwqxnwRWFxw="></latexit>

F0 = det(F)�
1
3F

<latexit sha1_base64="s307nI9l5DWAVQySg86b1PFFJRM="></latexit><latexit sha1_base64="s307nI9l5DWAVQySg86b1PFFJRM="></latexit><latexit sha1_base64="s307nI9l5DWAVQySg86b1PFFJRM="></latexit><latexit sha1_base64="s307nI9l5DWAVQySg86b1PFFJRM="></latexit>

Infinitesimal:

C = FTF
<latexit sha1_base64="3tPut/7YEcTHKnuEB4QaGxjJQZ0=">AAACUHicbVDLSgMxFL1T3/VVdekmWAquyowUdCMUCuJSoVWhM5ZMmmlDk8mQZJQyzBf4NW71L9z5J+4001awtQdCDufcy733hAln2rjup1NaWV1b39jcKm/v7O7tVw4O77RMFaEdIrlUDyHWlLOYdgwznD4kimIRcnofjlqFf/9ElWYybptxQgOBBzGLGMHGSr1KLfPDCLVydIkm7Cp/zHyBzVCJrJ3nM61Xqbp1dwL0n3gzUoUZbnoHzpHflyQVNDaEY627npuYIMPKMMJpXvZTTRNMRnhAu5bGWFAdZJN7clSzSh9FUtkXGzRR/3ZkWGg9FqGtLFbVi14hLvO6qYkugozFSWpoTKaDopQjI1ERDuozRYnhY0swUczuisgQK0yMjXBuSijlyOBQz12SiZTbHsmXqEo+FzF6i6H9J3dndc+te7eNarMxC3QTjuEETsGDc2jCNdxABwi8wCu8wbvz4Xw53yVnWvr7wxHMoVT+Abq3tME=</latexit><latexit sha1_base64="3tPut/7YEcTHKnuEB4QaGxjJQZ0=">AAACUHicbVDLSgMxFL1T3/VVdekmWAquyowUdCMUCuJSoVWhM5ZMmmlDk8mQZJQyzBf4NW71L9z5J+4001awtQdCDufcy733hAln2rjup1NaWV1b39jcKm/v7O7tVw4O77RMFaEdIrlUDyHWlLOYdgwznD4kimIRcnofjlqFf/9ElWYybptxQgOBBzGLGMHGSr1KLfPDCLVydIkm7Cp/zHyBzVCJrJ3nM61Xqbp1dwL0n3gzUoUZbnoHzpHflyQVNDaEY627npuYIMPKMMJpXvZTTRNMRnhAu5bGWFAdZJN7clSzSh9FUtkXGzRR/3ZkWGg9FqGtLFbVi14hLvO6qYkugozFSWpoTKaDopQjI1ERDuozRYnhY0swUczuisgQK0yMjXBuSijlyOBQz12SiZTbHsmXqEo+FzF6i6H9J3dndc+te7eNarMxC3QTjuEETsGDc2jCNdxABwi8wCu8wbvz4Xw53yVnWvr7wxHMoVT+Abq3tME=</latexit><latexit sha1_base64="3tPut/7YEcTHKnuEB4QaGxjJQZ0=">AAACUHicbVDLSgMxFL1T3/VVdekmWAquyowUdCMUCuJSoVWhM5ZMmmlDk8mQZJQyzBf4NW71L9z5J+4001awtQdCDufcy733hAln2rjup1NaWV1b39jcKm/v7O7tVw4O77RMFaEdIrlUDyHWlLOYdgwznD4kimIRcnofjlqFf/9ElWYybptxQgOBBzGLGMHGSr1KLfPDCLVydIkm7Cp/zHyBzVCJrJ3nM61Xqbp1dwL0n3gzUoUZbnoHzpHflyQVNDaEY627npuYIMPKMMJpXvZTTRNMRnhAu5bGWFAdZJN7clSzSh9FUtkXGzRR/3ZkWGg9FqGtLFbVi14hLvO6qYkugozFSWpoTKaDopQjI1ERDuozRYnhY0swUczuisgQK0yMjXBuSijlyOBQz12SiZTbHsmXqEo+FzF6i6H9J3dndc+te7eNarMxC3QTjuEETsGDc2jCNdxABwi8wCu8wbvz4Xw53yVnWvr7wxHMoVT+Abq3tME=</latexit><latexit sha1_base64="3tPut/7YEcTHKnuEB4QaGxjJQZ0=">AAACUHicbVDLSgMxFL1T3/VVdekmWAquyowUdCMUCuJSoVWhM5ZMmmlDk8mQZJQyzBf4NW71L9z5J+4001awtQdCDufcy733hAln2rjup1NaWV1b39jcKm/v7O7tVw4O77RMFaEdIrlUDyHWlLOYdgwznD4kimIRcnofjlqFf/9ElWYybptxQgOBBzGLGMHGSr1KLfPDCLVydIkm7Cp/zHyBzVCJrJ3nM61Xqbp1dwL0n3gzUoUZbnoHzpHflyQVNDaEY627npuYIMPKMMJpXvZTTRNMRnhAu5bGWFAdZJN7clSzSh9FUtkXGzRR/3ZkWGg9FqGtLFbVi14hLvO6qYkugozFSWpoTKaDopQjI1ERDuozRYnhY0swUczuisgQK0yMjXBuSijlyOBQz12SiZTbHsmXqEo+FzF6i6H9J3dndc+te7eNarMxC3QTjuEETsGDc2jCNdxABwi8wCu8wbvz4Xw53yVnWvr7wxHMoVT+Abq3tME=</latexit>

Right-Cauchy:

E =
1

2
(C� I)

<latexit sha1_base64="AayYkVODZdQG9ZaeLUdtyvojMeM="></latexit><latexit sha1_base64="AayYkVODZdQG9ZaeLUdtyvojMeM="></latexit><latexit sha1_base64="AayYkVODZdQG9ZaeLUdtyvojMeM="></latexit><latexit sha1_base64="AayYkVODZdQG9ZaeLUdtyvojMeM="></latexit>

Green-Lagrange:
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Lagrangian DG Equations for Velocity and Deformation Gradient

Volume matrix:

Velocity Gradient:

Deformation
Gradient:

Vqk · Lk =

I

@⌦

s ·
�
 qjJ

�1u⇤� d⇤�
Z

⌦

(r⇠ q) ·
�
jJ�1u

�
d⌦

<latexit sha1_base64="9FguQyXSROK3GLeUk/gTNldoLCk="></latexit><latexit sha1_base64="9FguQyXSROK3GLeUk/gTNldoLCk="></latexit><latexit sha1_base64="9FguQyXSROK3GLeUk/gTNldoLCk="></latexit><latexit sha1_base64="9FguQyXSROK3GLeUk/gTNldoLCk="></latexit>

V 0
qk · dFk

dt
=

I

@⌦

s ·
⇣
 qj

0
�
J0

��1
u⇤

⌘
d⇤�

Z

⌦

(r⇠ q) ·
⇣
j0

�
J0

��1
u
⌘
d⌦

<latexit sha1_base64="G2eOOU43NtnQecCyuK44npFMsVo="></latexit><latexit sha1_base64="G2eOOU43NtnQecCyuK44npFMsVo="></latexit><latexit sha1_base64="G2eOOU43NtnQecCyuK44npFMsVo="></latexit><latexit sha1_base64="G2eOOU43NtnQecCyuK44npFMsVo="></latexit>

Vqk =

Z

⌦(t)

 q kj(t) d⌦

<latexit sha1_base64="5FvW9tMLdH/ffHCiFGs8xhb6mfk="></latexit><latexit sha1_base64="5FvW9tMLdH/ffHCiFGs8xhb6mfk="></latexit><latexit sha1_base64="5FvW9tMLdH/ffHCiFGs8xhb6mfk="></latexit><latexit sha1_base64="5FvW9tMLdH/ffHCiFGs8xhb6mfk="></latexit>



Los Alamos National Laboratory

1/22/19   |   9

LA-UR-

Linear Elastic-Perfectly Plastic Behavior

Perfectly Plastic

Li
ne

ar
 E

las
tic

�0
y

<latexit sha1_base64="xVhi0qF76vxWoO+VVrHsy3qODZA=">AAACP3icbVDLSgMxFM3UV62v1rpzEyyCqzJTBF0W3LisYB/QGYdMmmlDk8mQZJRhmG9xq5/hZ/gF7sStO9N2FvZxIHA45x7uzQliRpW27U+rtLW9s7tX3q8cHB4dn1Rrpz0lEolJFwsm5CBAijAaka6mmpFBLAniASP9YHo38/vPRCoqokedxsTjaBzRkGKkjeRX65mr6Jij/ClzY0k5yf3Urzbspj0HXCdOQRqgQMevWWfuSOCEk0hjhpQaOnasvQxJTTEjecVNFIkRnqIxGRoaIU6Ul82vz+GlUUYwFNK8SMO5+j+RIa5UygMzyZGeqFVvJm7yhokOb72MRnGiSYQXi8KEQS3grAo4opJgzVJDEJbU3ArxBEmEtSlsaUsgxFSjQC39JOMJMxnBNqhSvOQV06Oz2to66bWajt10Hq4b7VbRaBmcgwtwBRxwA9rgHnRAF2CQglfwBt6tD+vL+rZ+FqMlq8jUwRKs3z+D9bCe</latexit><latexit sha1_base64="xVhi0qF76vxWoO+VVrHsy3qODZA=">AAACP3icbVDLSgMxFM3UV62v1rpzEyyCqzJTBF0W3LisYB/QGYdMmmlDk8mQZJRhmG9xq5/hZ/gF7sStO9N2FvZxIHA45x7uzQliRpW27U+rtLW9s7tX3q8cHB4dn1Rrpz0lEolJFwsm5CBAijAaka6mmpFBLAniASP9YHo38/vPRCoqokedxsTjaBzRkGKkjeRX65mr6Jij/ClzY0k5yf3Urzbspj0HXCdOQRqgQMevWWfuSOCEk0hjhpQaOnasvQxJTTEjecVNFIkRnqIxGRoaIU6Ul82vz+GlUUYwFNK8SMO5+j+RIa5UygMzyZGeqFVvJm7yhokOb72MRnGiSYQXi8KEQS3grAo4opJgzVJDEJbU3ArxBEmEtSlsaUsgxFSjQC39JOMJMxnBNqhSvOQV06Oz2to66bWajt10Hq4b7VbRaBmcgwtwBRxwA9rgHnRAF2CQglfwBt6tD+vL+rZ+FqMlq8jUwRKs3z+D9bCe</latexit><latexit sha1_base64="xVhi0qF76vxWoO+VVrHsy3qODZA=">AAACP3icbVDLSgMxFM3UV62v1rpzEyyCqzJTBF0W3LisYB/QGYdMmmlDk8mQZJRhmG9xq5/hZ/gF7sStO9N2FvZxIHA45x7uzQliRpW27U+rtLW9s7tX3q8cHB4dn1Rrpz0lEolJFwsm5CBAijAaka6mmpFBLAniASP9YHo38/vPRCoqokedxsTjaBzRkGKkjeRX65mr6Jij/ClzY0k5yf3Urzbspj0HXCdOQRqgQMevWWfuSOCEk0hjhpQaOnasvQxJTTEjecVNFIkRnqIxGRoaIU6Ul82vz+GlUUYwFNK8SMO5+j+RIa5UygMzyZGeqFVvJm7yhokOb72MRnGiSYQXi8KEQS3grAo4opJgzVJDEJbU3ArxBEmEtSlsaUsgxFSjQC39JOMJMxnBNqhSvOQV06Oz2to66bWajt10Hq4b7VbRaBmcgwtwBRxwA9rgHnRAF2CQglfwBt6tD+vL+rZ+FqMlq8jUwRKs3z+D9bCe</latexit><latexit sha1_base64="xVhi0qF76vxWoO+VVrHsy3qODZA=">AAACP3icbVDLSgMxFM3UV62v1rpzEyyCqzJTBF0W3LisYB/QGYdMmmlDk8mQZJRhmG9xq5/hZ/gF7sStO9N2FvZxIHA45x7uzQliRpW27U+rtLW9s7tX3q8cHB4dn1Rrpz0lEolJFwsm5CBAijAaka6mmpFBLAniASP9YHo38/vPRCoqokedxsTjaBzRkGKkjeRX65mr6Jij/ClzY0k5yf3Urzbspj0HXCdOQRqgQMevWWfuSOCEk0hjhpQaOnasvQxJTTEjecVNFIkRnqIxGRoaIU6Ul82vz+GlUUYwFNK8SMO5+j+RIa5UygMzyZGeqFVvJm7yhokOb72MRnGiSYQXi8KEQS3grAo4opJgzVJDEJbU3ArxBEmEtSlsaUsgxFSjQC39JOMJMxnBNqhSvOQV06Oz2to66bWajt10Hq4b7VbRaBmcgwtwBRxwA9rgHnRAF2CQglfwBt6tD+vL+rZ+FqMlq8jUwRKs3z+D9bCe</latexit>

�
0

<latexit sha1_base64="u64hJAAL9+EUi3n1bgUARBKcihU="></latexit><latexit sha1_base64="u64hJAAL9+EUi3n1bgUARBKcihU="></latexit><latexit sha1_base64="u64hJAAL9+EUi3n1bgUARBKcihU="></latexit><latexit sha1_base64="u64hJAAL9+EUi3n1bgUARBKcihU="></latexit>

F0
p/"

0
p

<latexit sha1_base64="xEv7TsIsG/PGdDLbigORY7BZGio="></latexit><latexit sha1_base64="xEv7TsIsG/PGdDLbigORY7BZGio="></latexit><latexit sha1_base64="xEv7TsIsG/PGdDLbigORY7BZGio="></latexit><latexit sha1_base64="xEv7TsIsG/PGdDLbigORY7BZGio="></latexit>

F0
e/"

0
e

<latexit sha1_base64="T6AbQZZGteBMkbR7k/aXvwLKlSo="></latexit><latexit sha1_base64="T6AbQZZGteBMkbR7k/aXvwLKlSo="></latexit><latexit sha1_base64="T6AbQZZGteBMkbR7k/aXvwLKlSo="></latexit><latexit sha1_base64="T6AbQZZGteBMkbR7k/aXvwLKlSo="></latexit>

Yield
Stress
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Outline

• Solid Mechanics Models
• Deformation Mechanics
• Constitutive Models
• Analytic 1D Test Problem
• 2D Test Problems
• Summary

• Reactive Models
• ZND Detonation Wave
• Models
• Results
• Summary
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The Hypoelastic-Plastic Constitutive Model

Jaumann Stress Rate

Trial Stress Rate:
� No rotation in 1D
� Assume no plastic flow

RK Time Integration:
Radial Return

!̇ = asym(L)
<latexit sha1_base64="Q20KckEcPMW+gJlqjzLuFQBUduc="></latexit><latexit sha1_base64="e31HkIn9vyoMXRlM2Laz+WWkuc0="></latexit><latexit sha1_base64="e31HkIn9vyoMXRlM2Laz+WWkuc0="></latexit><latexit sha1_base64="qx1ecS59wnAINpTAb/ZcYm6i47Q="></latexit>

�̇0 = 2G("̇0 � "̇0p)� �0!̇ + !̇�0
<latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit><latexit sha1_base64="834DXc+QKOI1l3OG2PS8NiAZHIA="></latexit>

ˆ̇�0 = 2G"̇0
<latexit sha1_base64="jr7t1aQlv4AO+4atuNX9QeFZI1k="></latexit><latexit sha1_base64="jr7t1aQlv4AO+4atuNX9QeFZI1k="></latexit><latexit sha1_base64="jr7t1aQlv4AO+4atuNX9QeFZI1k="></latexit><latexit sha1_base64="jr7t1aQlv4AO+4atuNX9QeFZI1k="></latexit>

�̂0 = �0s +�tˆ̇�0
<latexit sha1_base64="w40gnHYByBER4j9gxOKqinRozoQ="></latexit><latexit sha1_base64="w40gnHYByBER4j9gxOKqinRozoQ="></latexit><latexit sha1_base64="w40gnHYByBER4j9gxOKqinRozoQ="></latexit><latexit sha1_base64="w40gnHYByBER4j9gxOKqinRozoQ="></latexit>

�0s+1 = �̂0 Y

�̂eq
<latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit>�̂eq � Y

<latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit>

�̂eq =

r
3

2
�̂0 : �̂0

<latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit>
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The Infinitesimal Hyperelastic-Plastic Constitutive Model

Linear Elasticity
Trial Stress:

� Assume no new plastic strain

Radial Return

�0 = 2G("0 � "0p)
<latexit sha1_base64="uBHIqnsnz+s4kWbVhHgJ3hOorhs="></latexit><latexit sha1_base64="PyPSKETWcohZhZEI0LdHrfVcBhA="></latexit><latexit sha1_base64="PyPSKETWcohZhZEI0LdHrfVcBhA="></latexit><latexit sha1_base64="UV6h1sPS34DRKvaYKmYq+trsxUw="></latexit>

Update Plastic Strain

�̂0 = 2G("0s+1 � "sp)
<latexit sha1_base64="wtTvZAWrd+8aDhbjK7TVgmsXk44="></latexit><latexit sha1_base64="eO4ehcG0hKUem3LmoSBRo0jNcnY="></latexit><latexit sha1_base64="eO4ehcG0hKUem3LmoSBRo0jNcnY="></latexit><latexit sha1_base64="evlt76KQINhZzVr9rXvFtiGpZ+4="></latexit>

�̂eq
� Y

<latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit><latexit sha1_base64="LTiY81tt2WIwprNqKRoxyYlpNjU=">AAACQnicbVDLSgNBEJz1/TbqwYOXwSB4Crsi6FHw4lHB+CAbQu+kkwyZ2VlnepWw7Nd41b/wJ/wFb+LVg5OYg1ELBoqqLnq6kkxJR2H4GkxNz8zOzS8sLi2vrK6tVzY2r5zJrcC6MMrYmwQcKplinSQpvMksgk4UXif906F/fY/WSZNe0iDDpoZuKjtSAHmpVdmOe0BF7GRXQ9kq8K7kcRf5batSDWvhCPwvicakysY4b20EW3HbiFxjSkKBc40ozKhZgCUpFJZLce4wA9GHLjY8TUGjaxajC0q+55U27xjrX0p8pP5MFKCdG+jET2qgnvvtDcX/vEZOneNmIdMsJ0zF96JOrjgZPqyDt6VFQWrgCQgr/V+56IEFQb60iS2JMX2CxE1cUuhc+YxR/6jWPJS+xuh3aX/J1UEtCmvRxWH15HBc6ALbYbtsn0XsiJ2wM3bO6kywkj2yJ/YcvARvwXvw8T06FYwzW2wCwecXIfexmA==</latexit>

�̂eq =

r
3

2
�̂0 : �̂0

<latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit><latexit sha1_base64="ymFRDXXspFyDktIXGR3HDWv2Dqk="></latexit>

�0s+1 = �̂0 Y

�̂eq
<latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit><latexit sha1_base64="na0LhScmG8HEvPx/rwTc/g8DmQc="></latexit> "s+1

p = "0s+1 � (2G)�1 �0s+1
<latexit sha1_base64="4vKWFH34Ob0SlILIucOl5QUWKzo="></latexit><latexit sha1_base64="zXdepQtgB8rjKZMnShFPnEz33n4="></latexit><latexit sha1_base64="zXdepQtgB8rjKZMnShFPnEz33n4="></latexit><latexit sha1_base64="BSc/ZZyQN8IwKmP5ykOpi1Gk52g="></latexit>
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The Finite Hyperelastic-Plastic Constitutive Model

Initial Configuration

Intermediate Configuration

Current Configuration

Fp
<latexit sha1_base64="twKGLfiJTfMi/7BpwniX6R/ALwk=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9uN+seJVvTnQOvEzUgEZGv0SLPcGiiaSRZYKbEzX92IbpFhbTgWbFnqJYTGmYzxkXUcjLJkJ0vnFU3ThlAEKlXYVWTRX/0+kWBozkcR1SmxHZtWbiZu8bmLDmyDlUZxYFtHFojARyCo0ex8NuGbUiokjmGrubkV0hDWm1oW0tIUoNbaYmKVPUpkIN6PEBlWrl6mL0V8NbZ20alXfq/oPV5V6LQs0D87AObgEPrgGdXAPGqAJKJDgFbyBd/gBv+A3/Fm05mA2UwZLgL9/S4CrPg==</latexit><latexit sha1_base64="twKGLfiJTfMi/7BpwniX6R/ALwk=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9uN+seJVvTnQOvEzUgEZGv0SLPcGiiaSRZYKbEzX92IbpFhbTgWbFnqJYTGmYzxkXUcjLJkJ0vnFU3ThlAEKlXYVWTRX/0+kWBozkcR1SmxHZtWbiZu8bmLDmyDlUZxYFtHFojARyCo0ex8NuGbUiokjmGrubkV0hDWm1oW0tIUoNbaYmKVPUpkIN6PEBlWrl6mL0V8NbZ20alXfq/oPV5V6LQs0D87AObgEPrgGdXAPGqAJKJDgFbyBd/gBv+A3/Fm05mA2UwZLgL9/S4CrPg==</latexit><latexit sha1_base64="twKGLfiJTfMi/7BpwniX6R/ALwk=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9uN+seJVvTnQOvEzUgEZGv0SLPcGiiaSRZYKbEzX92IbpFhbTgWbFnqJYTGmYzxkXUcjLJkJ0vnFU3ThlAEKlXYVWTRX/0+kWBozkcR1SmxHZtWbiZu8bmLDmyDlUZxYFtHFojARyCo0ex8NuGbUiokjmGrubkV0hDWm1oW0tIUoNbaYmKVPUpkIN6PEBlWrl6mL0V8NbZ20alXfq/oPV5V6LQs0D87AObgEPrgGdXAPGqAJKJDgFbyBd/gBv+A3/Fm05mA2UwZLgL9/S4CrPg==</latexit><latexit sha1_base64="twKGLfiJTfMi/7BpwniX6R/ALwk=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9uN+seJVvTnQOvEzUgEZGv0SLPcGiiaSRZYKbEzX92IbpFhbTgWbFnqJYTGmYzxkXUcjLJkJ0vnFU3ThlAEKlXYVWTRX/0+kWBozkcR1SmxHZtWbiZu8bmLDmyDlUZxYFtHFojARyCo0ex8NuGbUiokjmGrubkV0hDWm1oW0tIUoNbaYmKVPUpkIN6PEBlWrl6mL0V8NbZ20alXfq/oPV5V6LQs0D87AObgEPrgGdXAPGqAJKJDgFbyBd/gBv+A3/Fm05mA2UwZLgL9/S4CrPg==</latexit>

Fe
<latexit sha1_base64="hhJGzl42aATnvbhOC61gWIoj6G4=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9lm/WPGq3hxonfgZqYAMjX4JlnsDRRPJIksFNqbre7ENUqwtp4JNC73EsBjTMR6yrqMRlswE6fziKbpwygCFSruKLJqr/ydSLI2ZSOI6JbYjs+rNxE1eN7HhTZDyKE4si+hiUZgIZBWavY8GXDNqxcQRTDV3tyI6whpT60Ja2kKUGltMzNInqUyEm1Fig6rVy9TF6K+Gtk5atarvVf2Hq0q9lgWaB2fgHFwCH1yDOrgHDdAEFEjwCt7AO/yAX/Ab/ixaczCbKYMlwN8/N/6rMw==</latexit><latexit sha1_base64="hhJGzl42aATnvbhOC61gWIoj6G4=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9lm/WPGq3hxonfgZqYAMjX4JlnsDRRPJIksFNqbre7ENUqwtp4JNC73EsBjTMR6yrqMRlswE6fziKbpwygCFSruKLJqr/ydSLI2ZSOI6JbYjs+rNxE1eN7HhTZDyKE4si+hiUZgIZBWavY8GXDNqxcQRTDV3tyI6whpT60Ja2kKUGltMzNInqUyEm1Fig6rVy9TF6K+Gtk5atarvVf2Hq0q9lgWaB2fgHFwCH1yDOrgHDdAEFEjwCt7AO/yAX/Ab/ixaczCbKYMlwN8/N/6rMw==</latexit><latexit sha1_base64="hhJGzl42aATnvbhOC61gWIoj6G4=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9lm/WPGq3hxonfgZqYAMjX4JlnsDRRPJIksFNqbre7ENUqwtp4JNC73EsBjTMR6yrqMRlswE6fziKbpwygCFSruKLJqr/ydSLI2ZSOI6JbYjs+rNxE1eN7HhTZDyKE4si+hiUZgIZBWavY8GXDNqxcQRTDV3tyI6whpT60Ja2kKUGltMzNInqUyEm1Fig6rVy9TF6K+Gtk5atarvVf2Hq0q9lgWaB2fgHFwCH1yDOrgHDdAEFEjwCt7AO/yAX/Ab/ixaczCbKYMlwN8/N/6rMw==</latexit><latexit sha1_base64="hhJGzl42aATnvbhOC61gWIoj6G4=">AAACMnicbVDLSgMxFE3qq9ZXa5dugkVwVWaKoMuCIC4r2Ie0Q0nSTBuaTIYko5ShX+FW/8Kf0Z249SNM21nYx4ELh3Pu5d57SCy4sZ73CXNb2zu7e/n9wsHh0fFJsXTaMirRlDWpEkp3CDZM8Ig1LbeCdWLNsCSCtcn4dua3n5k2XEWPdhKzQOJhxENOsXXSU9ojIbqb9lm/WPGq3hxonfgZqYAMjX4JlnsDRRPJIksFNqbre7ENUqwtp4JNC73EsBjTMR6yrqMRlswE6fziKbpwygCFSruKLJqr/ydSLI2ZSOI6JbYjs+rNxE1eN7HhTZDyKE4si+hiUZgIZBWavY8GXDNqxcQRTDV3tyI6whpT60Ja2kKUGltMzNInqUyEm1Fig6rVy9TF6K+Gtk5atarvVf2Hq0q9lgWaB2fgHFwCH1yDOrgHDdAEFEjwCt7AO/yAX/Ab/ixaczCbKYMlwN8/N/6rMw==</latexit>

F = FeFp
<latexit sha1_base64="1SmsnY+pxJOZM/RCk5GOH0xXa24=">AAACRXicbVDLSgMxFE181vpq7U43wSK4KjNF0I1QEMRlBfuAdhgyaaYNTSZDklHKUPBr3Opf+A1+hDtxq2k7gn1cCDmccw/33hPEnGnjOB9wbX1jc2s7t5Pf3ds/OCwUj5paJorQBpFcqnaANeUsog3DDKftWFEsAk5bwfBmorceqdJMRg9mFFNP4H7EQkawsZRfOE67QYhux9fZ79M/EPuFslNxpoWWgZuBMsiq7hdhqduTJBE0MoRjrTuuExsvxcowwuk43000jTEZ4j7tWBhhQbWXTo8YozPL9FAolX2RQVP2vyPFQuuRCGynwGagF7UJuUrrJCa88lIWxYmhEZkNChOOjESTRFCPKUoMH1mAiWJ2V0QGWGFibG5zUwIphwYHeu6SVCTceiRfwSr5NLYxuouhLYNmteI6Fff+olyrZoHmwAk4BefABZegBu5AHTQAAc/gBbyCN/gOP+EX/J61rsHMUwJzBX9+AVqDsh4=</latexit><latexit sha1_base64="1SmsnY+pxJOZM/RCk5GOH0xXa24=">AAACRXicbVDLSgMxFE181vpq7U43wSK4KjNF0I1QEMRlBfuAdhgyaaYNTSZDklHKUPBr3Opf+A1+hDtxq2k7gn1cCDmccw/33hPEnGnjOB9wbX1jc2s7t5Pf3ds/OCwUj5paJorQBpFcqnaANeUsog3DDKftWFEsAk5bwfBmorceqdJMRg9mFFNP4H7EQkawsZRfOE67QYhux9fZ79M/EPuFslNxpoWWgZuBMsiq7hdhqduTJBE0MoRjrTuuExsvxcowwuk43000jTEZ4j7tWBhhQbWXTo8YozPL9FAolX2RQVP2vyPFQuuRCGynwGagF7UJuUrrJCa88lIWxYmhEZkNChOOjESTRFCPKUoMH1mAiWJ2V0QGWGFibG5zUwIphwYHeu6SVCTceiRfwSr5NLYxuouhLYNmteI6Fff+olyrZoHmwAk4BefABZegBu5AHTQAAc/gBbyCN/gOP+EX/J61rsHMUwJzBX9+AVqDsh4=</latexit><latexit sha1_base64="1SmsnY+pxJOZM/RCk5GOH0xXa24=">AAACRXicbVDLSgMxFE181vpq7U43wSK4KjNF0I1QEMRlBfuAdhgyaaYNTSZDklHKUPBr3Opf+A1+hDtxq2k7gn1cCDmccw/33hPEnGnjOB9wbX1jc2s7t5Pf3ds/OCwUj5paJorQBpFcqnaANeUsog3DDKftWFEsAk5bwfBmorceqdJMRg9mFFNP4H7EQkawsZRfOE67QYhux9fZ79M/EPuFslNxpoWWgZuBMsiq7hdhqduTJBE0MoRjrTuuExsvxcowwuk43000jTEZ4j7tWBhhQbWXTo8YozPL9FAolX2RQVP2vyPFQuuRCGynwGagF7UJuUrrJCa88lIWxYmhEZkNChOOjESTRFCPKUoMH1mAiWJ2V0QGWGFibG5zUwIphwYHeu6SVCTceiRfwSr5NLYxuouhLYNmteI6Fff+olyrZoHmwAk4BefABZegBu5AHTQAAc/gBbyCN/gOP+EX/J61rsHMUwJzBX9+AVqDsh4=</latexit><latexit sha1_base64="1SmsnY+pxJOZM/RCk5GOH0xXa24=">AAACRXicbVDLSgMxFE181vpq7U43wSK4KjNF0I1QEMRlBfuAdhgyaaYNTSZDklHKUPBr3Opf+A1+hDtxq2k7gn1cCDmccw/33hPEnGnjOB9wbX1jc2s7t5Pf3ds/OCwUj5paJorQBpFcqnaANeUsog3DDKftWFEsAk5bwfBmorceqdJMRg9mFFNP4H7EQkawsZRfOE67QYhux9fZ79M/EPuFslNxpoWWgZuBMsiq7hdhqduTJBE0MoRjrTuuExsvxcowwuk43000jTEZ4j7tWBhhQbWXTo8YozPL9FAolX2RQVP2vyPFQuuRCGynwGagF7UJuUrrJCa88lIWxYmhEZkNChOOjESTRFCPKUoMH1mAiWJ2V0QGWGFibG5zUwIphwYHeu6SVCTceiRfwSr5NLYxuouhLYNmteI6Fff+olyrZoHmwAk4BefABZegBu5AHTQAAc/gBbyCN/gOP+EX/J61rsHMUwJzBX9+AVqDsh4=</latexit>

S̃, C, E
<latexit sha1_base64="TOfdZYKQ1QAdsIPXSk6D4e2bASI=">AAACUHicbZDNSsNAEMcn9avWr6pHL4ttwYOUpBc9FkTwWNG2QlvKZrupSzfZsDtRSsgT+DRe9S28+SbedBsrWnVg2R//mWFm/n4shUHXfXUKS8srq2vF9dLG5tb2Tnl3r2NUohlvMyWVvvGp4VJEvI0CJb+JNaehL3nXn5zN8t07ro1Q0TVOYz4I6TgSgWAUrTQs16p9FHLE074fkKusekyqOZ5943lWHZYrbt3Ng/wFbw4VmEdruOvs90eKJSGPkElqTM9zYxykVKNgkmelfmJ4TNmEjnnPYkRDbgZpfk9GalYZkUBp+yIkufqzI6WhMdPQt5UhxVvzOzcT/8v1EgxOB6mI4gR5xD4HBYkkqMjMHDISmjOUUwuUaWF3JeyWasrQWrgwxVdqgtQ3C5ekYSJtj5L/qFrdZ9ZG77dpf6HTqHtu3btsVJru3NAiHMAhHIEHJ9CEC2hBGxg8wCM8wbPz4rw57wXns/Trh31YiELpA+2jsqE=</latexit><latexit sha1_base64="TOfdZYKQ1QAdsIPXSk6D4e2bASI=">AAACUHicbZDNSsNAEMcn9avWr6pHL4ttwYOUpBc9FkTwWNG2QlvKZrupSzfZsDtRSsgT+DRe9S28+SbedBsrWnVg2R//mWFm/n4shUHXfXUKS8srq2vF9dLG5tb2Tnl3r2NUohlvMyWVvvGp4VJEvI0CJb+JNaehL3nXn5zN8t07ro1Q0TVOYz4I6TgSgWAUrTQs16p9FHLE074fkKusekyqOZ5943lWHZYrbt3Ng/wFbw4VmEdruOvs90eKJSGPkElqTM9zYxykVKNgkmelfmJ4TNmEjnnPYkRDbgZpfk9GalYZkUBp+yIkufqzI6WhMdPQt5UhxVvzOzcT/8v1EgxOB6mI4gR5xD4HBYkkqMjMHDISmjOUUwuUaWF3JeyWasrQWrgwxVdqgtQ3C5ekYSJtj5L/qFrdZ9ZG77dpf6HTqHtu3btsVJru3NAiHMAhHIEHJ9CEC2hBGxg8wCM8wbPz4rw57wXns/Trh31YiELpA+2jsqE=</latexit><latexit sha1_base64="TOfdZYKQ1QAdsIPXSk6D4e2bASI=">AAACUHicbZDNSsNAEMcn9avWr6pHL4ttwYOUpBc9FkTwWNG2QlvKZrupSzfZsDtRSsgT+DRe9S28+SbedBsrWnVg2R//mWFm/n4shUHXfXUKS8srq2vF9dLG5tb2Tnl3r2NUohlvMyWVvvGp4VJEvI0CJb+JNaehL3nXn5zN8t07ro1Q0TVOYz4I6TgSgWAUrTQs16p9FHLE074fkKusekyqOZ5943lWHZYrbt3Ng/wFbw4VmEdruOvs90eKJSGPkElqTM9zYxykVKNgkmelfmJ4TNmEjnnPYkRDbgZpfk9GalYZkUBp+yIkufqzI6WhMdPQt5UhxVvzOzcT/8v1EgxOB6mI4gR5xD4HBYkkqMjMHDISmjOUUwuUaWF3JeyWasrQWrgwxVdqgtQ3C5ekYSJtj5L/qFrdZ9ZG77dpf6HTqHtu3btsVJru3NAiHMAhHIEHJ9CEC2hBGxg8wCM8wbPz4rw57wXns/Trh31YiELpA+2jsqE=</latexit><latexit sha1_base64="TOfdZYKQ1QAdsIPXSk6D4e2bASI=">AAACUHicbZDNSsNAEMcn9avWr6pHL4ttwYOUpBc9FkTwWNG2QlvKZrupSzfZsDtRSsgT+DRe9S28+SbedBsrWnVg2R//mWFm/n4shUHXfXUKS8srq2vF9dLG5tb2Tnl3r2NUohlvMyWVvvGp4VJEvI0CJb+JNaehL3nXn5zN8t07ro1Q0TVOYz4I6TgSgWAUrTQs16p9FHLE074fkKusekyqOZ5943lWHZYrbt3Ng/wFbw4VmEdruOvs90eKJSGPkElqTM9zYxykVKNgkmelfmJ4TNmEjnnPYkRDbgZpfk9GalYZkUBp+yIkufqzI6WhMdPQt5UhxVvzOzcT/8v1EgxOB6mI4gR5xD4HBYkkqMjMHDISmjOUUwuUaWF3JeyWasrQWrgwxVdqgtQ3C5ekYSJtj5L/qFrdZ9ZG77dpf6HTqHtu3btsVJru3NAiHMAhHIEHJ9CEC2hBGxg8wCM8wbPz4rw57wXns/Trh31YiELpA+2jsqE=</latexit>

�, ", F
<latexit sha1_base64="ndqt7qad+gSD5fWMHwikbWdwpHY="></latexit><latexit sha1_base64="ndqt7qad+gSD5fWMHwikbWdwpHY="></latexit><latexit sha1_base64="ndqt7qad+gSD5fWMHwikbWdwpHY="></latexit><latexit sha1_base64="ndqt7qad+gSD5fWMHwikbWdwpHY="></latexit>

C0
e = F0T

e F0
e

E0
e =

1

2
(C0

e � I)
<latexit sha1_base64="qy0a0ohW3lg2xEotUwX2H9GYTgs="></latexit><latexit sha1_base64="qy0a0ohW3lg2xEotUwX2H9GYTgs="></latexit><latexit sha1_base64="qy0a0ohW3lg2xEotUwX2H9GYTgs="></latexit><latexit sha1_base64="qy0a0ohW3lg2xEotUwX2H9GYTgs="></latexit>

S̃ = 2GE0
e

L̃p = �̇r̃
<latexit sha1_base64="wtgOnLiXPcN8gk3D28xir7cLXaU="></latexit><latexit sha1_base64="wtgOnLiXPcN8gk3D28xir7cLXaU="></latexit><latexit sha1_base64="wtgOnLiXPcN8gk3D28xir7cLXaU="></latexit><latexit sha1_base64="wtgOnLiXPcN8gk3D28xir7cLXaU="></latexit>
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New Hyperelastic Analytic Solutions for a 1D Elastic-plastic Piston

Hypoelastic Infinitesimal Hyperelastic
�0
y = �2

3
Y

�0 =
4

3
G

Z
L dt

<latexit sha1_base64="wWtVnkz4i9jUxoAU4Y+AzP3ru+0="></latexit><latexit sha1_base64="fPMTYJoyFuahqnn5QJ3rOlBK/lI="></latexit><latexit sha1_base64="fPMTYJoyFuahqnn5QJ3rOlBK/lI="></latexit><latexit sha1_base64="bcs/k9GsnZxn402zrBivDRc2T14="></latexit>

�0 = 2Ge = 2G

✓
2

3
"

◆

<latexit sha1_base64="LK8CgZjcYX3tk7v1Mr3JvB9oNFY="></latexit><latexit sha1_base64="oSX7lMRQQEIhxhp9S9hlP7JMc8Q="></latexit><latexit sha1_base64="oSX7lMRQQEIhxhp9S9hlP7JMc8Q="></latexit><latexit sha1_base64="vSmeWBC48+vCfu3jxphuOe0kfcA="></latexit>

� Y

2G
= ln

✓
Vy

V0

◆
= ln

✓
⇢0
⇢y

◆

<latexit sha1_base64="02fAWc/TOSlQqpJKK5471ZJ1l4s="></latexit><latexit sha1_base64="EEgFh55q5HMECdcl2WaDkPC/FvQ="></latexit><latexit sha1_base64="EEgFh55q5HMECdcl2WaDkPC/FvQ="></latexit><latexit sha1_base64="/byPEiTNJCgNTeMNRYS8wTdOMRg="></latexit>

� Y

2G
=

Z ty

t0

L dt =

Z ty

t0

V̇

V
dt

<latexit sha1_base64="5IBSiIi1RYZ81asWSpt0/X6PJYs="></latexit><latexit sha1_base64="87jAQrdcoBLUh6Cwph/3i0pcMYw="></latexit><latexit sha1_base64="87jAQrdcoBLUh6Cwph/3i0pcMYw="></latexit><latexit sha1_base64="JWu+s7Kke/TMZ04PhoeAcVjYKyI="></latexit>

⇢0

⇢y
= exp

✓
� Y

2G

◆

<latexit sha1_base64="hpHE0RjxC4wGuQQzaN/bzeo/YhE="></latexit><latexit sha1_base64="FmqxzEtpv3FWS4uDzCQTFwghIMw="></latexit><latexit sha1_base64="FmqxzEtpv3FWS4uDzCQTFwghIMw="></latexit><latexit sha1_base64="0BRJ43yP0O7pY5XlftKwuxqv4p8="></latexit>

"y = � Y

2G
<latexit sha1_base64="tFEKD9BuvqFuLGkFYPZJouKyrd4="></latexit><latexit sha1_base64="4obctwucZAl3nSWFD7DWWmzrlDQ="></latexit><latexit sha1_base64="4obctwucZAl3nSWFD7DWWmzrlDQ="></latexit><latexit sha1_base64="C0YQ/CD0R1k6QNI61OY5yiH9SeU="></latexit>

Fy � 1 =
⇢0
⇢y

� 1 = � Y

2G
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E.J. Lieberman, X. Liu, N.R. Morgan, D.J. Luscher, and D.E. Burton. A higher-order Lagrangian discontinuous Galerkin hydrodynamic method for 
solid dynamics. Computer Methods in Applied Mechanics and Engineering, In Review. 
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Analytic Solution to the 1D Elastic-plastic Piston for Different Models 

Bulk Modulus (G)
0.286 Mbar

Yield Stress (Y)
0.0026 Mbar
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Bulk Modulus (G)
0.286 Mbar

Yield Stress (Y)
0.0026 Mbar

Hypoelastic Infinitesimal Hyperelastic Finite Hyperelastic

Elastic Wave Plastic Wave Elastic Wave Plastic Wave Elastic Wave Plastic Wave
Wave Speed (cm/µs) 0.652064 0.550531 0.651831 0.550542 0.651756 0.550545
Velocity (cm/µs) 2.9572e-03 0.01 2.9629e-03 0.01 2.9647e-03 0.01
Density (g/cm3) 2.8027107 2.8392283 2.8027397 2.8392276 2.8027492 2.8392274
Pressure (Mbar) 3.6466e-03 1.4455e-02 3.6550e-03 1.4455e-02 3.6577e-03 1.4455e-02
Dev. Stress (Mbar) -1.7333e-03 -1.7333e-03 -1.7333e-03 -1.7333e-03 -1.7333e-03 -1.7333e-03
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Analytic Solution to the 1D Elastic-plastic Piston is Different for 
Different Models 
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Results for the Elastic-plastic Piston for all Models with DG(P2)
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DG(P2) Results have Sharper Shock Front and Smoother Results 
than DG(P1)

Linear (P1)
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DG(P2) Shows Greater Accuracy and Faster Convergence than DG(P1)
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Lagrangian DG 2D Element and Quadratic Polynomial Details
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Curvilinear (quadratic) elements

X. Liu, N.R. Morgan, and D.E. Burton. A high-order Lagrangian 
discontinuous galerkin hydrodynamic method for quadratic cells 
with a subcell mesh stabilization scheme. Journal of Comp-
utational Physics, In Revision. 
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Bending Beam Results Show Dissipation Errors are Exceptionally 
Small
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2D Finite Hyperelastic Bending Beam Does Not Dissipate 
Oscillating Velocity
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Taylor Anvil Impact Results with DG(P2) and High Order Elements 
are Robust Under Large Plastic Deformations 

2D Infinitesimal
Elastic-Plastic
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Solid Mechanics Summary

• The analytic solution to an elastic-plastic problem will change with the type of
model used to represent the mechanical behavior.

• For modeling strength behavior in metals, piece-wise constant polynomials
performed very poorly compared to linear and quadratic polynomials.

• Quadratic polynomials consistently resulted in more accurate solutions and
faster overall convergence than linear polynomials.

• The infinitesimal hyperelastic-plastic model resulted in more accurate solutions
and faster convergence than the other models.

Future Work for Solid Mechanics
• Allow non-constant materials parameters such as variable elastic moduli or

plastic hardening.
• Add more advanced physical behavior such as anisotropy, crystal plasticity, and

dilatational plasticity (damage).
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Zeldovich-von Neumann-Döring (ZND) Detonation Wave Structure 
has Finite Reaction Rate
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Zeldovich-von Neumann-Döring (ZND) Detonation Wave is Based 
on the Hugoniot

Specific Volume

Reactant
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� = 0.25
<latexit sha1_base64="7t/8qNd0DcIhmh58WIuwSf0jIc0=">AAACNnicbVDLSgMxFE3qq9ZXq+7cDBbBVZkpim6EghuXFewDOkPJZDJtaB5DklHK0N9wq5/hr7hxJ279BNN2FvZxIHA451zuzQkTRrVx3U9Y2Njc2t4p7pb29g8Oj8qV47aWqcKkhSWTqhsiTRgVpGWoYaSbKIJ4yEgnHN1P/c4zUZpK8WTGCQk4GggaU4yMlXyf2WiE7txa/bpfrro1dwZnlXg5qYIczX4FnvqRxCknwmCGtO55bmKCDClDMSOTkp9qkiA8QgPSs1QgTnSQzY6eOBdWiZxYKvuEcWbq/4kMca3HPLRJjsxQL3tTcZ3XS018G2RUJKkhAs8XxSlzjHSmDTgRVQQbNrYEYUXtrQ4eIoWwsT0tbAmlHBkU6oWfZDxldkayNaqSL5OS7dFbbm2VtOs1z615j1fVhps3WgRn4BxcAg/cgAZ4AE3QAhgk4BW8gXf4Ab/gN/yZRwswnzkBC4C/fyi9q9g=</latexit><latexit sha1_base64="7t/8qNd0DcIhmh58WIuwSf0jIc0=">AAACNnicbVDLSgMxFE3qq9ZXq+7cDBbBVZkpim6EghuXFewDOkPJZDJtaB5DklHK0N9wq5/hr7hxJ279BNN2FvZxIHA451zuzQkTRrVx3U9Y2Njc2t4p7pb29g8Oj8qV47aWqcKkhSWTqhsiTRgVpGWoYaSbKIJ4yEgnHN1P/c4zUZpK8WTGCQk4GggaU4yMlXyf2WiE7txa/bpfrro1dwZnlXg5qYIczX4FnvqRxCknwmCGtO55bmKCDClDMSOTkp9qkiA8QgPSs1QgTnSQzY6eOBdWiZxYKvuEcWbq/4kMca3HPLRJjsxQL3tTcZ3XS018G2RUJKkhAs8XxSlzjHSmDTgRVQQbNrYEYUXtrQ4eIoWwsT0tbAmlHBkU6oWfZDxldkayNaqSL5OS7dFbbm2VtOs1z615j1fVhps3WgRn4BxcAg/cgAZ4AE3QAhgk4BW8gXf4Ab/gN/yZRwswnzkBC4C/fyi9q9g=</latexit><latexit sha1_base64="7t/8qNd0DcIhmh58WIuwSf0jIc0=">AAACNnicbVDLSgMxFE3qq9ZXq+7cDBbBVZkpim6EghuXFewDOkPJZDJtaB5DklHK0N9wq5/hr7hxJ279BNN2FvZxIHA451zuzQkTRrVx3U9Y2Njc2t4p7pb29g8Oj8qV47aWqcKkhSWTqhsiTRgVpGWoYaSbKIJ4yEgnHN1P/c4zUZpK8WTGCQk4GggaU4yMlXyf2WiE7txa/bpfrro1dwZnlXg5qYIczX4FnvqRxCknwmCGtO55bmKCDClDMSOTkp9qkiA8QgPSs1QgTnSQzY6eOBdWiZxYKvuEcWbq/4kMca3HPLRJjsxQL3tTcZ3XS018G2RUJKkhAs8XxSlzjHSmDTgRVQQbNrYEYUXtrQ4eIoWwsT0tbAmlHBkU6oWfZDxldkayNaqSL5OS7dFbbm2VtOs1z615j1fVhps3WgRn4BxcAg/cgAZ4AE3QAhgk4BW8gXf4Ab/gN/yZRwswnzkBC4C/fyi9q9g=</latexit><latexit sha1_base64="7t/8qNd0DcIhmh58WIuwSf0jIc0=">AAACNnicbVDLSgMxFE3qq9ZXq+7cDBbBVZkpim6EghuXFewDOkPJZDJtaB5DklHK0N9wq5/hr7hxJ279BNN2FvZxIHA451zuzQkTRrVx3U9Y2Njc2t4p7pb29g8Oj8qV47aWqcKkhSWTqhsiTRgVpGWoYaSbKIJ4yEgnHN1P/c4zUZpK8WTGCQk4GggaU4yMlXyf2WiE7txa/bpfrro1dwZnlXg5qYIczX4FnvqRxCknwmCGtO55bmKCDClDMSOTkp9qkiA8QgPSs1QgTnSQzY6eOBdWiZxYKvuEcWbq/4kMca3HPLRJjsxQL3tTcZ3XS018G2RUJKkhAs8XxSlzjHSmDTgRVQQbNrYEYUXtrQ4eIoWwsT0tbAmlHBkU6oWfZDxldkayNaqSL5OS7dFbbm2VtOs1z615j1fVhps3WgRn4BxcAg/cgAZ4AE3QAhgk4BW8gXf4Ab/gN/yZRwswnzkBC4C/fyi9q9g=</latexit>
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Multiphase Model Uses Two Equations of State with Pressure-
Temperature Equilibrium

Davis Equations of State

P-T Equilibrium
Davis Reactant EOS

Davis Product EOS

pp(e2, ⌫2) = psp(⌫2) +
�p(⌫2)

⌫2

�
e2 � esp(⌫2) + esrc

�
<latexit sha1_base64="cEJ6kpz+tceTXmZ3Bb8+VGyChWo="></latexit><latexit sha1_base64="cEJ6kpz+tceTXmZ3Bb8+VGyChWo="></latexit><latexit sha1_base64="cEJ6kpz+tceTXmZ3Bb8+VGyChWo="></latexit><latexit sha1_base64="cEJ6kpz+tceTXmZ3Bb8+VGyChWo="></latexit>

pr(e1, ⌫1) = psr(⌫1) +
�r(⌫1)

⌫1
(e1 � esr(⌫1))

<latexit sha1_base64="H5mwFER20iyXRdxlRU0e4/tWb1Y=">AAACgnicbVBNbxMxEHW2BUr4SoEblxURUgolWtNK9FCkShzgWCSSVsqG1awzm1jxx8qeBUWr/Wf9I1y5wo/A+Tg0bUey/ObNexr75aWSnpLkdyva2b13/8Hew/ajx0+ePuvsPx96WzmBA2GVdZc5eFTS4IAkKbwsHYLOFV7k88/L+cVPdF5a850WJY41TI0spAAKVNYZlpnrYcYPU1Nl/OBTaH/43rp5lxYORJ1+Aa0hyNZsU6 /uJlVY0NL6Hq95UienMzrIOt2kn6wqvg34BnTZps6z/dbLdGJFpdGQUOD9iCcljWtwJIXCpp1WHksQc5jiKEADGv24XgXQxG8CM4kL68IxFK/Y644atPcLnQelBpr5m7MleddsVFFxMq6lKStCI9aLikrFZONlmvFEOhSkFgGAcDK8NRYzCKlRyHxrS27tnCD3Wz+pdaWCx6o7WGd/Ne2QI7+Z2m0w/NDnSZ9/O+6eHW4S3WOv2GvWY5x9ZGfsKztnAybYFfvD/rJ/0W70NuLR0VoatTaeF2yrotP/ttLETQ==</latexit><latexit sha1_base64="H5mwFER20iyXRdxlRU0e4/tWb1Y=">AAACgnicbVBNbxMxEHW2BUr4SoEblxURUgolWtNK9FCkShzgWCSSVsqG1awzm1jxx8qeBUWr/Wf9I1y5wo/A+Tg0bUey/ObNexr75aWSnpLkdyva2b13/8Hew/ajx0+ePuvsPx96WzmBA2GVdZc5eFTS4IAkKbwsHYLOFV7k88/L+cVPdF5a850WJY41TI0spAAKVNYZlpnrYcYPU1Nl/OBTaH/43rp5lxYORJ1+Aa0hyNZsU6 /uJlVY0NL6Hq95UienMzrIOt2kn6wqvg34BnTZps6z/dbLdGJFpdGQUOD9iCcljWtwJIXCpp1WHksQc5jiKEADGv24XgXQxG8CM4kL68IxFK/Y644atPcLnQelBpr5m7MleddsVFFxMq6lKStCI9aLikrFZONlmvFEOhSkFgGAcDK8NRYzCKlRyHxrS27tnCD3Wz+pdaWCx6o7WGd/Ne2QI7+Z2m0w/NDnSZ9/O+6eHW4S3WOv2GvWY5x9ZGfsKztnAybYFfvD/rJ/0W70NuLR0VoatTaeF2yrotP/ttLETQ==</latexit><latexit sha1_base64="H5mwFER20iyXRdxlRU0e4/tWb1Y=">AAACgnicbVBNbxMxEHW2BUr4SoEblxURUgolWtNK9FCkShzgWCSSVsqG1awzm1jxx8qeBUWr/Wf9I1y5wo/A+Tg0bUey/ObNexr75aWSnpLkdyva2b13/8Hew/ajx0+ePuvsPx96WzmBA2GVdZc5eFTS4IAkKbwsHYLOFV7k88/L+cVPdF5a850WJY41TI0spAAKVNYZlpnrYcYPU1Nl/OBTaH/43rp5lxYORJ1+Aa0hyNZsU6 /uJlVY0NL6Hq95UienMzrIOt2kn6wqvg34BnTZps6z/dbLdGJFpdGQUOD9iCcljWtwJIXCpp1WHksQc5jiKEADGv24XgXQxG8CM4kL68IxFK/Y644atPcLnQelBpr5m7MleddsVFFxMq6lKStCI9aLikrFZONlmvFEOhSkFgGAcDK8NRYzCKlRyHxrS27tnCD3Wz+pdaWCx6o7WGd/Ne2QI7+Z2m0w/NDnSZ9/O+6eHW4S3WOv2GvWY5x9ZGfsKztnAybYFfvD/rJ/0W70NuLR0VoatTaeF2yrotP/ttLETQ==</latexit><latexit sha1_base64="H5mwFER20iyXRdxlRU0e4/tWb1Y=">AAACgnicbVBNbxMxEHW2BUr4SoEblxURUgolWtNK9FCkShzgWCSSVsqG1awzm1jxx8qeBUWr/Wf9I1y5wo/A+Tg0bUey/ObNexr75aWSnpLkdyva2b13/8Hew/ajx0+ePuvsPx96WzmBA2GVdZc5eFTS4IAkKbwsHYLOFV7k88/L+cVPdF5a850WJY41TI0spAAKVNYZlpnrYcYPU1Nl/OBTaH/43rp5lxYORJ1+Aa0hyNZsU6 /uJlVY0NL6Hq95UienMzrIOt2kn6wqvg34BnTZps6z/dbLdGJFpdGQUOD9iCcljWtwJIXCpp1WHksQc5jiKEADGv24XgXQxG8CM4kL68IxFK/Y644atPcLnQelBpr5m7MleddsVFFxMq6lKStCI9aLikrFZONlmvFEOhSkFgGAcDK8NRYzCKlRyHxrS27tnCD3Wz+pdaWCx6o7WGd/Ne2QI7+Z2m0w/NDnSZ9/O+6eHW4S3WOv2GvWY5x9ZGfsKztnAybYFfvD/rJ/0W70NuLR0VoatTaeF2yrotP/ttLETQ==</latexit>

Tr(e1, ⌫1)
<latexit sha1_base64="6SMFeq7cmlNm4NNKQLzmMeHcDpQ=">AAACOHicbVDLSgMxFE181vpq1Z2bwSJUKGVGBF0W3Lis0Be045BJM21oJhnyUMrQ/3Crn+GfuHMnbv0C03YW9nEgcDjnHu7NCRNGlXbdT7ixubW9s5vby+8fHB4dF4onLSWMxKSJBROyEyJFGOWkqalmpJNIguKQkXY4up/67WciFRW8occJ8WM04DSiGGkrPTUCWSaBV+lxE3hXQaHkVt0ZnFXiZaQEMtSDIjzr9QU2MeEaM6RU13MT7adIaooZmeR7RpEE4REakK6lHMVE+ens7IlzaZW+EwlpH9fOTP2fSFGs1DgO7WSM9FAte1Nxndc1OrrzU8oTownH80WRYY4WzrQDp08lwZqNLUFYUnurg4dIIqxtUwtbQiFGGoVq4SdpbJjNCLZGleJlkrc9esutrZLWddVzq97jTalWyRrNgXNwAcrAA7egBh5AHTQBBhK8gjfwDj/gF/yGP/PRDZhlTsEC4O8foM+sjw==</latexit><latexit sha1_base64="6SMFeq7cmlNm4NNKQLzmMeHcDpQ=">AAACOHicbVDLSgMxFE181vpq1Z2bwSJUKGVGBF0W3Lis0Be045BJM21oJhnyUMrQ/3Crn+GfuHMnbv0C03YW9nEgcDjnHu7NCRNGlXbdT7ixubW9s5vby+8fHB4dF4onLSWMxKSJBROyEyJFGOWkqalmpJNIguKQkXY4up/67WciFRW8occJ8WM04DSiGGkrPTUCWSaBV+lxE3hXQaHkVt0ZnFXiZaQEMtSDIjzr9QU2MeEaM6RU13MT7adIaooZmeR7RpEE4REakK6lHMVE+ens7IlzaZW+EwlpH9fOTP2fSFGs1DgO7WSM9FAte1Nxndc1OrrzU8oTownH80WRYY4WzrQDp08lwZqNLUFYUnurg4dIIqxtUwtbQiFGGoVq4SdpbJjNCLZGleJlkrc9esutrZLWddVzq97jTalWyRrNgXNwAcrAA7egBh5AHTQBBhK8gjfwDj/gF/yGP/PRDZhlTsEC4O8foM+sjw==</latexit><latexit sha1_base64="6SMFeq7cmlNm4NNKQLzmMeHcDpQ=">AAACOHicbVDLSgMxFE181vpq1Z2bwSJUKGVGBF0W3Lis0Be045BJM21oJhnyUMrQ/3Crn+GfuHMnbv0C03YW9nEgcDjnHu7NCRNGlXbdT7ixubW9s5vby+8fHB4dF4onLSWMxKSJBROyEyJFGOWkqalmpJNIguKQkXY4up/67WciFRW8occJ8WM04DSiGGkrPTUCWSaBV+lxE3hXQaHkVt0ZnFXiZaQEMtSDIjzr9QU2MeEaM6RU13MT7adIaooZmeR7RpEE4REakK6lHMVE+ens7IlzaZW+EwlpH9fOTP2fSFGs1DgO7WSM9FAte1Nxndc1OrrzU8oTownH80WRYY4WzrQDp08lwZqNLUFYUnurg4dIIqxtUwtbQiFGGoVq4SdpbJjNCLZGleJlkrc9esutrZLWddVzq97jTalWyRrNgXNwAcrAA7egBh5AHTQBBhK8gjfwDj/gF/yGP/PRDZhlTsEC4O8foM+sjw==</latexit><latexit sha1_base64="6SMFeq7cmlNm4NNKQLzmMeHcDpQ=">AAACOHicbVDLSgMxFE181vpq1Z2bwSJUKGVGBF0W3Lis0Be045BJM21oJhnyUMrQ/3Crn+GfuHMnbv0C03YW9nEgcDjnHu7NCRNGlXbdT7ixubW9s5vby+8fHB4dF4onLSWMxKSJBROyEyJFGOWkqalmpJNIguKQkXY4up/67WciFRW8occJ8WM04DSiGGkrPTUCWSaBV+lxE3hXQaHkVt0ZnFXiZaQEMtSDIjzr9QU2MeEaM6RU13MT7adIaooZmeR7RpEE4REakK6lHMVE+ens7IlzaZW+EwlpH9fOTP2fSFGs1DgO7WSM9FAte1Nxndc1OrrzU8oTownH80WRYY4WzrQDp08lwZqNLUFYUnurg4dIIqxtUwtbQiFGGoVq4SdpbJjNCLZGleJlkrc9esutrZLWddVzq97jTalWyRrNgXNwAcrAA7egBh5AHTQBBhK8gjfwDj/gF/yGP/PRDZhlTsEC4O8foM+sjw==</latexit>

Tp(e2, ⌫2)
<latexit sha1_base64="JBXn1qxgqcdNTBUkhH1AOljbz4M=">AAACOHicbVDLSgMxFE3qq9ZXq+7cDBahQikzRdBlwY3LCn1BOw6ZNG1D8xiSjFKG/odb/Qz/xJ07cesXmLazsI8DgcM593BvThgxqo3rfsLM1vbO7l52P3dweHR8ki+ctrSMFSZNLJlUnRBpwqggTUMNI51IEcRDRtrh+H7mt5+J0lSKhplExOdoKOiAYmSs9NQIohIJquWeiIPqdZAvuhV3DmedeCkpghT1oADPe32JY06EwQxp3fXcyPgJUoZiRqa5XqxJhPAYDUnXUoE40X4yP3vqXFml7wyksk8YZ67+TySIaz3hoZ3kyIz0qjcTN3nd2Azu/ISKKDZE4MWiQcwcI51ZB06fKoINm1iCsKL2VgePkELY2KaWtoRSjg0K9dJPEh4zm5Fsg6rkyzRne/RWW1snrWrFcyve402xVk4bzYILcAlKwAO3oAYeQB00AQYKvII38A4/4Bf8hj+L0QxMM2dgCfD3D6DBrI8=</latexit><latexit sha1_base64="JBXn1qxgqcdNTBUkhH1AOljbz4M=">AAACOHicbVDLSgMxFE3qq9ZXq+7cDBahQikzRdBlwY3LCn1BOw6ZNG1D8xiSjFKG/odb/Qz/xJ07cesXmLazsI8DgcM593BvThgxqo3rfsLM1vbO7l52P3dweHR8ki+ctrSMFSZNLJlUnRBpwqggTUMNI51IEcRDRtrh+H7mt5+J0lSKhplExOdoKOiAYmSs9NQIohIJquWeiIPqdZAvuhV3DmedeCkpghT1oADPe32JY06EwQxp3fXcyPgJUoZiRqa5XqxJhPAYDUnXUoE40X4yP3vqXFml7wyksk8YZ67+TySIaz3hoZ3kyIz0qjcTN3nd2Azu/ISKKDZE4MWiQcwcI51ZB06fKoINm1iCsKL2VgePkELY2KaWtoRSjg0K9dJPEh4zm5Fsg6rkyzRne/RWW1snrWrFcyve402xVk4bzYILcAlKwAO3oAYeQB00AQYKvII38A4/4Bf8hj+L0QxMM2dgCfD3D6DBrI8=</latexit><latexit sha1_base64="JBXn1qxgqcdNTBUkhH1AOljbz4M=">AAACOHicbVDLSgMxFE3qq9ZXq+7cDBahQikzRdBlwY3LCn1BOw6ZNG1D8xiSjFKG/odb/Qz/xJ07cesXmLazsI8DgcM593BvThgxqo3rfsLM1vbO7l52P3dweHR8ki+ctrSMFSZNLJlUnRBpwqggTUMNI51IEcRDRtrh+H7mt5+J0lSKhplExOdoKOiAYmSs9NQIohIJquWeiIPqdZAvuhV3DmedeCkpghT1oADPe32JY06EwQxp3fXcyPgJUoZiRqa5XqxJhPAYDUnXUoE40X4yP3vqXFml7wyksk8YZ67+TySIaz3hoZ3kyIz0qjcTN3nd2Azu/ISKKDZE4MWiQcwcI51ZB06fKoINm1iCsKL2VgePkELY2KaWtoRSjg0K9dJPEh4zm5Fsg6rkyzRne/RWW1snrWrFcyve402xVk4bzYILcAlKwAO3oAYeQB00AQYKvII38A4/4Bf8hj+L0QxMM2dgCfD3D6DBrI8=</latexit><latexit sha1_base64="JBXn1qxgqcdNTBUkhH1AOljbz4M=">AAACOHicbVDLSgMxFE3qq9ZXq+7cDBahQikzRdBlwY3LCn1BOw6ZNG1D8xiSjFKG/odb/Qz/xJ07cesXmLazsI8DgcM593BvThgxqo3rfsLM1vbO7l52P3dweHR8ki+ctrSMFSZNLJlUnRBpwqggTUMNI51IEcRDRtrh+H7mt5+J0lSKhplExOdoKOiAYmSs9NQIohIJquWeiIPqdZAvuhV3DmedeCkpghT1oADPe32JY06EwQxp3fXcyPgJUoZiRqa5XqxJhPAYDUnXUoE40X4yP3vqXFml7wyksk8YZ67+TySIaz3hoZ3kyIz0qjcTN3nd2Azu/ISKKDZE4MWiQcwcI51ZB06fKoINm1iCsKL2VgePkELY2KaWtoRSjg0K9dJPEh4zm5Fsg6rkyzRne/RWW1snrWrFcyve402xVk4bzYILcAlKwAO3oAYeQB00AQYKvII38A4/4Bf8hj+L0QxMM2dgCfD3D6DBrI8=</latexit>

pr(e1(⇠), ⌫1(⇠)) = pp(e2(⇠), ⌫2(⇠))

Tr(e1(⇠), ⌫1(⇠)) = Tp(e2(⇠), ⌫2(⇠))

e(⇠) = (1� �(⇠))e1(⇠) + �(⇠)e2(⇠)

⌫(⇠) = (1� �(⇠))⌫1(⇠) + �(⇠)⌫2(⇠)
<latexit sha1_base64="GIkGIAHrDLoG0WFWgkAqS2uwH90="></latexit><latexit sha1_base64="GIkGIAHrDLoG0WFWgkAqS2uwH90="></latexit><latexit sha1_base64="GIkGIAHrDLoG0WFWgkAqS2uwH90="></latexit><latexit sha1_base64="GIkGIAHrDLoG0WFWgkAqS2uwH90="></latexit>

B.L. Wescott, D.S. Stewart, and W.C. Davis. Equation of state and reaction rate for condensed-phase explosives. Journal of Applied Physics, 
2005.

Known

Unknown
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Programmed Burn Model in DG Is Improved Using Subzone 
Methods

Programmed Burn
� =

t� t
min

t
max

� t
min

<latexit sha1_base64="8OE1zGPwAI915N1SZgUaSybQjyI=">AAACVnicbVDLSgNBEJxd3++oRy+DQRDEsCsBvQiCF48KRoUkhN7JrA6ZxzLTq4ZlP8Kv8ap/oT8jzsYgRi0YKKqq6elKMikcRtF7EE5Nz8zOzS8sLi2vrK7V1jeunMkt4y1mpLE3CTguheYtFCj5TWY5qETy62RwWvnX99w6YfQlDjPeVXCrRSoYoJd6tb2O9OE+0GPaSS2wAvexVyihy7KoCDyW30KvVo8a0Qj0L4nHpE7GOO+tB5udvmG54hqZBOfacZRhtwCLgkleLnZyxzNgA7jlbU81KO66xeiqku54pU9TY/3TSEfqz4kClHNDlfikArxzv71K/M9r55gedQuhsxy5Zl+L0lxSNLSqiPaF5Qzl0BNgVvi/UnYHvhz0RU5sSYwZICRu4pJC5dLPGPmPas1DVWP8u7S/5OqgEUeN+KJZP2mOC50nW2Sb7JKYHJITckbOSYsw8kSeyQt5Dd6Cj3AmnPuKhsF4ZpNMIKx9AkWUt5Y=</latexit><latexit sha1_base64="8OE1zGPwAI915N1SZgUaSybQjyI=">AAACVnicbVDLSgNBEJxd3++oRy+DQRDEsCsBvQiCF48KRoUkhN7JrA6ZxzLTq4ZlP8Kv8ap/oT8jzsYgRi0YKKqq6elKMikcRtF7EE5Nz8zOzS8sLi2vrK7V1jeunMkt4y1mpLE3CTguheYtFCj5TWY5qETy62RwWvnX99w6YfQlDjPeVXCrRSoYoJd6tb2O9OE+0GPaSS2wAvexVyihy7KoCDyW30KvVo8a0Qj0L4nHpE7GOO+tB5udvmG54hqZBOfacZRhtwCLgkleLnZyxzNgA7jlbU81KO66xeiqku54pU9TY/3TSEfqz4kClHNDlfikArxzv71K/M9r55gedQuhsxy5Zl+L0lxSNLSqiPaF5Qzl0BNgVvi/UnYHvhz0RU5sSYwZICRu4pJC5dLPGPmPas1DVWP8u7S/5OqgEUeN+KJZP2mOC50nW2Sb7JKYHJITckbOSYsw8kSeyQt5Dd6Cj3AmnPuKhsF4ZpNMIKx9AkWUt5Y=</latexit><latexit sha1_base64="8OE1zGPwAI915N1SZgUaSybQjyI=">AAACVnicbVDLSgNBEJxd3++oRy+DQRDEsCsBvQiCF48KRoUkhN7JrA6ZxzLTq4ZlP8Kv8ap/oT8jzsYgRi0YKKqq6elKMikcRtF7EE5Nz8zOzS8sLi2vrK7V1jeunMkt4y1mpLE3CTguheYtFCj5TWY5qETy62RwWvnX99w6YfQlDjPeVXCrRSoYoJd6tb2O9OE+0GPaSS2wAvexVyihy7KoCDyW30KvVo8a0Qj0L4nHpE7GOO+tB5udvmG54hqZBOfacZRhtwCLgkleLnZyxzNgA7jlbU81KO66xeiqku54pU9TY/3TSEfqz4kClHNDlfikArxzv71K/M9r55gedQuhsxy5Zl+L0lxSNLSqiPaF5Qzl0BNgVvi/UnYHvhz0RU5sSYwZICRu4pJC5dLPGPmPas1DVWP8u7S/5OqgEUeN+KJZP2mOC50nW2Sb7JKYHJITckbOSYsw8kSeyQt5Dd6Cj3AmnPuKhsF4ZpNMIKx9AkWUt5Y=</latexit><latexit sha1_base64="8OE1zGPwAI915N1SZgUaSybQjyI=">AAACVnicbVDLSgNBEJxd3++oRy+DQRDEsCsBvQiCF48KRoUkhN7JrA6ZxzLTq4ZlP8Kv8ap/oT8jzsYgRi0YKKqq6elKMikcRtF7EE5Nz8zOzS8sLi2vrK7V1jeunMkt4y1mpLE3CTguheYtFCj5TWY5qETy62RwWvnX99w6YfQlDjPeVXCrRSoYoJd6tb2O9OE+0GPaSS2wAvexVyihy7KoCDyW30KvVo8a0Qj0L4nHpE7GOO+tB5udvmG54hqZBOfacZRhtwCLgkleLnZyxzNgA7jlbU81KO66xeiqku54pU9TY/3TSEfqz4kClHNDlfikArxzv71K/M9r55gedQuhsxy5Zl+L0lxSNLSqiPaF5Qzl0BNgVvi/UnYHvhz0RU5sSYwZICRu4pJC5dLPGPmPas1DVWP8u7S/5OqgEUeN+KJZP2mOC50nW2Sb7JKYHJITckbOSYsw8kSeyQt5Dd6Cj3AmnPuKhsF4ZpNMIKx9AkWUt5Y=</latexit>

whole cell

Subzone Programmed 
Burn

subzone

t
max

<latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit>

tmin
<latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit>

tmin
<latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit><latexit sha1_base64="InPba22TNKx5LC0NoJgQEWNMwoE=">AAACMXicbVDJSgNBEO2JW4xbot68DAbBU5gJgh4DXjxGMAskQ+jp9CRNehm6a5QwzEd41c/wa3ITr/6EnWQOZnlQ8Hiviqp6YcyZAc+bOYWd3b39g+Jh6ej45PSsXDlvG5VoQltEcaW7ITaUM0lbwIDTbqwpFiGnnXDyOPc7r1QbpuQLTGMaCDySLGIEg5U6MEgFk9mgXPVq3gLuJvFzUkU5moOKc9kfKpIIKoFwbEzP92IIUqyBEU6zUj8xNMZkgke0Z6nEgpogXdybuTdWGbqR0rYkuAv1/0SKhTFTEdpOgWFs1r25uM3rJRA9BCmTcQJUkuWiKOEuKHf+vDtkmhLgU0sw0cze6pIx1piAjWhlS6jUBHBoVj5JRcLtjOJbVK3espLN0V9PbZO06zXfq/nPd9VGPU+0iK7QNbpFPrpHDfSEmqiFCJqgd/SBPp0vZ+Z8Oz/L1oKTz1ygFTi/fydiqvg=</latexit>

t
max

<latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit><latexit sha1_base64="eaDbQLbv2u+9gNmHYuYsPjmmBkc=">AAACMXicbVDJSgNBEO1xjXFL1JuXwSB4CjNB0GPAi8cIZoFkCD2dnqRJL0N3jRqG+Qiv+hl+TW7i1Z+wk8zBLA8KHu9VUVUvjDkz4HlTZ2t7Z3dvv3BQPDw6Pjktlc9aRiWa0CZRXOlOiA3lTNImMOC0E2uKRchpOxw/zPz2C9WGKfkMk5gGAg8lixjBYKU29FOB37J+qeJVvTncdeLnpIJyNPpl56I3UCQRVALh2Jiu78UQpFgDI5xmxV5iaIzJGA9p11KJBTVBOr83c6+tMnAjpW1JcOfq/4kUC2MmIrSdAsPIrHozcZPXTSC6D1Im4wSoJItFUcJdUO7seXfANCXAJ5Zgopm91SUjrDEBG9HSllCpMeDQLH2SioTbGcU3qFq9ZkWbo7+a2jpp1aq+V/Wfbiv1Wp5oAV2iK3SDfHSH6ugRNVATETRG7+gDfTpfztT5dn4WrVtOPnOOluD8/gEq6qr6</latexit>

� = 1.0
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<latexit sha1_base64="ZVIdelLHfWwCfmqPghvZ0S54beA=">AAACNnicbVDLSsNAFJ3xWeurVXdugkWom5IUQTdCwY3LCvYBTSiTyaQdOsmEmRulhP6GW/0Mf8WNO3HrJzhts7CPAwOHc87l3jl+IrgG2/7EG5tb2zu7hb3i/sHh0XGpfNLWMlWUtagUUnV9opngMWsBB8G6iWIk8gXr+KP7qd95ZkpzGT/BOGFeRAYxDzklYCTXFSYakLuwClf9UsWu2TNYq8TJSQXlaPbL+MwNJE0jFgMVROueYyfgZUQBp4JNim6qWULoiAxYz9CYREx72ezoiXVplMAKpTIvBmum/p/ISKT1OPJNMiIw1MveVFzn9VIIb72Mx0kKLKbzRWEqLJDWtAEr4IpREGNDCFXc3GrRIVGEgulpYYsv5QiIrxd+kkWpMDNSrFGVfJkUTY/OcmurpF2vOXbNebyuNOp5owV0ji5QFTnoBjXQA2qiFqIoQa/oDb3jD/yFv/HPPLqB85lTtAD8+wffeaxA</latexit><latexit sha1_base64="ZVIdelLHfWwCfmqPghvZ0S54beA=">AAACNnicbVDLSsNAFJ3xWeurVXdugkWom5IUQTdCwY3LCvYBTSiTyaQdOsmEmRulhP6GW/0Mf8WNO3HrJzhts7CPAwOHc87l3jl+IrgG2/7EG5tb2zu7hb3i/sHh0XGpfNLWMlWUtagUUnV9opngMWsBB8G6iWIk8gXr+KP7qd95ZkpzGT/BOGFeRAYxDzklYCTXFSYakLuwClf9UsWu2TNYq8TJSQXlaPbL+MwNJE0jFgMVROueYyfgZUQBp4JNim6qWULoiAxYz9CYREx72ezoiXVplMAKpTIvBmum/p/ISKT1OPJNMiIw1MveVFzn9VIIb72Mx0kKLKbzRWEqLJDWtAEr4IpREGNDCFXc3GrRIVGEgulpYYsv5QiIrxd+kkWpMDNSrFGVfJkUTY/OcmurpF2vOXbNebyuNOp5owV0ji5QFTnoBjXQA2qiFqIoQa/oDb3jD/yFv/HPPLqB85lTtAD8+wffeaxA</latexit><latexit sha1_base64="ZVIdelLHfWwCfmqPghvZ0S54beA=">AAACNnicbVDLSsNAFJ3xWeurVXdugkWom5IUQTdCwY3LCvYBTSiTyaQdOsmEmRulhP6GW/0Mf8WNO3HrJzhts7CPAwOHc87l3jl+IrgG2/7EG5tb2zu7hb3i/sHh0XGpfNLWMlWUtagUUnV9opngMWsBB8G6iWIk8gXr+KP7qd95ZkpzGT/BOGFeRAYxDzklYCTXFSYakLuwClf9UsWu2TNYq8TJSQXlaPbL+MwNJE0jFgMVROueYyfgZUQBp4JNim6qWULoiAxYz9CYREx72ezoiXVplMAKpTIvBmum/p/ISKT1OPJNMiIw1MveVFzn9VIIb72Mx0kKLKbzRWEqLJDWtAEr4IpREGNDCFXc3GrRIVGEgulpYYsv5QiIrxd+kkWpMDNSrFGVfJkUTY/OcmurpF2vOXbNebyuNOp5owV0ji5QFTnoBjXQA2qiFqIoQa/oDb3jD/yFv/HPPLqB85lTtAD8+wffeaxA</latexit><latexit sha1_base64="ZVIdelLHfWwCfmqPghvZ0S54beA=">AAACNnicbVDLSsNAFJ3xWeurVXdugkWom5IUQTdCwY3LCvYBTSiTyaQdOsmEmRulhP6GW/0Mf8WNO3HrJzhts7CPAwOHc87l3jl+IrgG2/7EG5tb2zu7hb3i/sHh0XGpfNLWMlWUtagUUnV9opngMWsBB8G6iWIk8gXr+KP7qd95ZkpzGT/BOGFeRAYxDzklYCTXFSYakLuwClf9UsWu2TNYq8TJSQXlaPbL+MwNJE0jFgMVROueYyfgZUQBp4JNim6qWULoiAxYz9CYREx72ezoiXVplMAKpTIvBmum/p/ISKT1OPJNMiIw1MveVFzn9VIIb72Mx0kKLKbzRWEqLJDWtAEr4IpREGNDCFXc3GrRIVGEgulpYYsv5QiIrxd+kkWpMDNSrFGVfJkUTY/OcmurpF2vOXbNebyuNOp5owV0ji5QFTnoBjXQA2qiFqIoQa/oDb3jD/yFv/HPPLqB85lTtAD8+wffeaxA</latexit>
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DG with Subzone Method Avoids Spurious Overshoots in 
Programmed Burn
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massive overshoot 
at the wavefront

CJ pressure is the ideal answer

Subzone method 
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Scaled Unified Reactive Front (SURF) Model is a Function of Lead 
Shock Pressure

Reaction Rate
as a function of state

R. Menikoff and M.S. Shaw. Reactive burn models and ignition & growth concept. EPJ Web of Conferences, 2010.
R. Menikoff. Shock Detector for SURF model. Technical Report, Los Alamos National Laboratory, 2016.

Lead Shock detected from
Hugoniot jump condition

Hugoniot
level-set 

Current pressure
surpasses a threshold

p � pburn

ps(⇠) = p(⇠)
<latexit sha1_base64="Dp1X7LfI+3G3pLyhpMbPZs5jMA8="></latexit><latexit sha1_base64="Dp1X7LfI+3G3pLyhpMbPZs5jMA8="></latexit><latexit sha1_base64="Dp1X7LfI+3G3pLyhpMbPZs5jMA8="></latexit><latexit sha1_base64="Dp1X7LfI+3G3pLyhpMbPZs5jMA8="></latexit>

Hugoniot
local min 

only checked at point of max
pressure within element

d�

dt
(⇠) = f(ps(⇠))

<latexit sha1_base64="nZO+1tSdooouTptZFcaRNHubOow=">AAACT3icbZDLSsNAFIYn9dbWW2uXboJVaDclKYJuhIIblxXsBZpSJpNJHTrJhJkTtYS8gE/jVt/CpU/iTpzGLOzlh4GP/5zDmfO7EWcKLOvLKGxt7+zuFUvl/YPDo+NK9aSvRCwJ7RHBhRy6WFHOQtoDBpwOI0lx4HI6cGe3i/rgiUrFRPgA84iOAzwNmc8IBm1NKueOLzFJPIfrGQ+niQdpw3lhzRu/EU1Uhs1JpW61rEzmOt g51FGu7qRq1BxPkDigIRCOlRrZVgTjBEtghNO07MSKRpjM8JSONIY4oGqcZOek5oV2PNMXUr8QzMz9P5HgQKl54OrOAMOjWq0tzE21UQz+9ThhYRQDDcnfIj/mJghzkY3pMUkJ8LkGTCTTfzXJI9b5gE5waYsrxAywq5YuSYKY6xnBN7hSPKc6Rns1tHXot1u21bLvL+uddh5oEZ2iM9RANrpCHXSHuqiHCHpFb+gdfRifxrfxU8hbC0YONbSkQukXDCS0YQ==</latexit><latexit sha1_base64="nZO+1tSdooouTptZFcaRNHubOow=">AAACT3icbZDLSsNAFIYn9dbWW2uXboJVaDclKYJuhIIblxXsBZpSJpNJHTrJhJkTtYS8gE/jVt/CpU/iTpzGLOzlh4GP/5zDmfO7EWcKLOvLKGxt7+zuFUvl/YPDo+NK9aSvRCwJ7RHBhRy6WFHOQtoDBpwOI0lx4HI6cGe3i/rgiUrFRPgA84iOAzwNmc8IBm1NKueOLzFJPIfrGQ+niQdpw3lhzRu/EU1Uhs1JpW61rEzmOt g51FGu7qRq1BxPkDigIRCOlRrZVgTjBEtghNO07MSKRpjM8JSONIY4oGqcZOek5oV2PNMXUr8QzMz9P5HgQKl54OrOAMOjWq0tzE21UQz+9ThhYRQDDcnfIj/mJghzkY3pMUkJ8LkGTCTTfzXJI9b5gE5waYsrxAywq5YuSYKY6xnBN7hSPKc6Rns1tHXot1u21bLvL+uddh5oEZ2iM9RANrpCHXSHuqiHCHpFb+gdfRifxrfxU8hbC0YONbSkQukXDCS0YQ==</latexit><latexit sha1_base64="nZO+1tSdooouTptZFcaRNHubOow=">AAACT3icbZDLSsNAFIYn9dbWW2uXboJVaDclKYJuhIIblxXsBZpSJpNJHTrJhJkTtYS8gE/jVt/CpU/iTpzGLOzlh4GP/5zDmfO7EWcKLOvLKGxt7+zuFUvl/YPDo+NK9aSvRCwJ7RHBhRy6WFHOQtoDBpwOI0lx4HI6cGe3i/rgiUrFRPgA84iOAzwNmc8IBm1NKueOLzFJPIfrGQ+niQdpw3lhzRu/EU1Uhs1JpW61rEzmOt g51FGu7qRq1BxPkDigIRCOlRrZVgTjBEtghNO07MSKRpjM8JSONIY4oGqcZOek5oV2PNMXUr8QzMz9P5HgQKl54OrOAMOjWq0tzE21UQz+9ThhYRQDDcnfIj/mJghzkY3pMUkJ8LkGTCTTfzXJI9b5gE5waYsrxAywq5YuSYKY6xnBN7hSPKc6Rns1tHXot1u21bLvL+uddh5oEZ2iM9RANrpCHXSHuqiHCHpFb+gdfRifxrfxU8hbC0YONbSkQukXDCS0YQ==</latexit><latexit sha1_base64="nZO+1tSdooouTptZFcaRNHubOow=">AAACT3icbZDLSsNAFIYn9dbWW2uXboJVaDclKYJuhIIblxXsBZpSJpNJHTrJhJkTtYS8gE/jVt/CpU/iTpzGLOzlh4GP/5zDmfO7EWcKLOvLKGxt7+zuFUvl/YPDo+NK9aSvRCwJ7RHBhRy6WFHOQtoDBpwOI0lx4HI6cGe3i/rgiUrFRPgA84iOAzwNmc8IBm1NKueOLzFJPIfrGQ+niQdpw3lhzRu/EU1Uhs1JpW61rEzmOt g51FGu7qRq1BxPkDigIRCOlRrZVgTjBEtghNO07MSKRpjM8JSONIY4oGqcZOek5oV2PNMXUr8QzMz9P5HgQKl54OrOAMOjWq0tzE21UQz+9ThhYRQDDcnfIj/mJghzkY3pMUkJ8LkGTCTTfzXJI9b5gE5waYsrxAywq5YuSYKY6xnBN7hSPKc6Rns1tHXot1u21bLvL+uddh5oEZ2iM9RANrpCHXSHuqiHCHpFb+gdfRifxrfxU8hbC0YONbSkQukXDCS0YQ==</latexit>

Relationship based on
multiple pressure regimes
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Outline

• Solid Mechanics Models
• Deformation Mechanics
• Constitutive Models
• Analytic 1D Test Problem
• 2D Test Problems
• Summary

• Reactive Models
• ZND Detonation Wave
• Models
• Results
• Summary
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Reference Values for ZND Detonation Wave Structure in Shock-to-
Detonation Test

Distance

Pr
es
su
re

pV N = 0.5887 Mbar
<latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="AhLa55j79Ue9KXIr9O9GtqZ6JZo=">AAACHHicbVDJSgNBEK2JWxyjJuDNy2AQPIUZL3oUvHiMYBZIhtDT00ma9DJ01yhhyA949TP8Gm/q19hZDmZ5UPB4r4qqekkmuMUw/PFKe/sHh0flY/+k4p+enVcrbatzQ1mLaqFNNyGWCa5YCzkK1s0MIzIRrJNMHud+55UZy7V6wWnGYklGig85Jeik5qBaDxvhAsE2iVakDisMat5FP9U0l0whFcTaXhRmGBfEIKeCzfx+bllG6ISMWM9RRSSzcbG4cxZcOyUNhtq4Uhgs1P8TBZHWTmXiOiXBsd305uIur5fj8D4uuMpyZIouFw1zEaAO5k8HKTeMopg6Qqjh7taAjokhFF00a1sSrSdIErv2SSFz4Wa02KEa/TbzXYzRZmjbpH3biMJG9BxCGS7hCm4ggjt4gCdoQgsopPAOH96n9+V9L+Mueavca7AG7/cPaL2lLg==</latexit><latexit sha1_base64="0u3nieBBpZqa37rSlmC6jGjBafo=">AAACO3icbZDPSsNAEMYn/rdWbcWTXhaL4KkkgrQXQfDiRVGwVWhD2Gw37dJNNuxO1BICPo1XfQxfwZfwJl7d1h6s+sHCxzc7zMwvTKUw6Lpvztz8wuLS8spqaa28vrFZqZbbRmWa8RZTUunbkBouRcJbKFDy21RzGoeS34TD03H95o5rI1RyjaOU+zHtJyISjKKNgspOGuTti+LYrR81mw3SRf6AOTkPqS6CSs2tuxORv8abmhpMdRlUne1uT7Es5gkySY3peG6Kfk41CiZ5UepmhqeUDWmfd6xNaMyNn0+OKMi+TXokUtq+BMkk/dmR09iYURzanzHFgfldG4f/1ToZRk0/F0maIU/Y96AokwQVGRMhPaE5QzmyhjIt7K6EDaimDC23mSmhUkOkoZm5JI8zaXuU/CfV6r4oWY7eb2p/Tfuw7rl178qFFdiFPTgADxpwAmdwCS1g8AhP8Awvzqvz7nx8E59zpui3YEbO5xdKV6/0</latexit><latexit sha1_base64="0u3nieBBpZqa37rSlmC6jGjBafo=">AAACO3icbZDPSsNAEMYn/rdWbcWTXhaL4KkkgrQXQfDiRVGwVWhD2Gw37dJNNuxO1BICPo1XfQxfwZfwJl7d1h6s+sHCxzc7zMwvTKUw6Lpvztz8wuLS8spqaa28vrFZqZbbRmWa8RZTUunbkBouRcJbKFDy21RzGoeS34TD03H95o5rI1RyjaOU+zHtJyISjKKNgspOGuTti+LYrR81mw3SRf6AOTkPqS6CSs2tuxORv8abmhpMdRlUne1uT7Es5gkySY3peG6Kfk41CiZ5UepmhqeUDWmfd6xNaMyNn0+OKMi+TXokUtq+BMkk/dmR09iYURzanzHFgfldG4f/1ToZRk0/F0maIU/Y96AokwQVGRMhPaE5QzmyhjIt7K6EDaimDC23mSmhUkOkoZm5JI8zaXuU/CfV6r4oWY7eb2p/Tfuw7rl178qFFdiFPTgADxpwAmdwCS1g8AhP8Awvzqvz7nx8E59zpui3YEbO5xdKV6/0</latexit><latexit sha1_base64="iPKw/+DypCQe1c7YGMOtLtdLmhY="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit>

pCJ = 0.363 Mbar
<latexit sha1_base64="a/wKqnCRA6dvpfgpyaPBk8Nn5yM="></latexit><latexit sha1_base64="a/wKqnCRA6dvpfgpyaPBk8Nn5yM="></latexit><latexit sha1_base64="a/wKqnCRA6dvpfgpyaPBk8Nn5yM="></latexit><latexit sha1_base64="a/wKqnCRA6dvpfgpyaPBk8Nn5yM="></latexit>

⇢0 = 1.884 g/cm3
<latexit sha1_base64="7dZY5lrmUFNUFwufPEtkVSvR/28="></latexit><latexit sha1_base64="7dZY5lrmUFNUFwufPEtkVSvR/28="></latexit><latexit sha1_base64="7dZY5lrmUFNUFwufPEtkVSvR/28="></latexit><latexit sha1_base64="7dZY5lrmUFNUFwufPEtkVSvR/28="></latexit>

esrc = 5.85 kJ/g
<latexit sha1_base64="5EJNGjpVWlmrqtiGKX3aZh/ADDQ="></latexit><latexit sha1_base64="5EJNGjpVWlmrqtiGKX3aZh/ADDQ="></latexit><latexit sha1_base64="5EJNGjpVWlmrqtiGKX3aZh/ADDQ="></latexit><latexit sha1_base64="5EJNGjpVWlmrqtiGKX3aZh/ADDQ="></latexit>

rRZ ⇡ 70µm
<latexit sha1_base64="ZeCmlhpdw4PUoHeaHMrq6hlomxI="></latexit><latexit sha1_base64="ZeCmlhpdw4PUoHeaHMrq6hlomxI="></latexit><latexit sha1_base64="ZeCmlhpdw4PUoHeaHMrq6hlomxI="></latexit><latexit sha1_base64="ZeCmlhpdw4PUoHeaHMrq6hlomxI="></latexit>

DCJ = 8.86 mm/µs
<latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit>

D.E. Lambert, D.S. Stewart, S. Yoo, and B.L. Wescott. Experimental Validation of detonation shock dynamics in condensed explosives. Journal of 
Fluid Mechanics, 2006.
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Shock-to-Detonation with SURF using DG(P2) and 40 !m 
Elements
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With Increasing Resolution, Shock Front Sharpens while VN 
Pressure is More Accurate and CJ is Consistently Accurate
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DG(P2) Results are More Accurate than DG(P1)

Cell Size

Det Velocity (

mm
µs )

DG(P1) DG(P2)

100 µm 8.8788 8.8629

80 µm 8.8780 8.8584

60 µm 8.8721 8.8657

40 µm 8.8670 8.8609

10 µm 8.8605 8.8601

<latexit sha1_base64="6vnaeDe3DA8f8WDZs+YRHKVg+4U="></latexit><latexit sha1_base64="6vnaeDe3DA8f8WDZs+YRHKVg+4U="></latexit><latexit sha1_base64="6vnaeDe3DA8f8WDZs+YRHKVg+4U="></latexit><latexit sha1_base64="6vnaeDe3DA8f8WDZs+YRHKVg+4U="></latexit>

Cell Size
VN Pressure (MBar)
DG(P1) DG(P2)

100 µm 0.5441 0.5599
80 µm 0.5517 0.5600
60 µm 0.5594 0.5675
40 µm 0.5678 0.5727
10 µm 0.5847 0.5850

<latexit sha1_base64="u23HoccaOuUCOxy8U6TILc4b2hE="></latexit><latexit sha1_base64="u23HoccaOuUCOxy8U6TILc4b2hE="></latexit><latexit sha1_base64="u23HoccaOuUCOxy8U6TILc4b2hE="></latexit><latexit sha1_base64="u23HoccaOuUCOxy8U6TILc4b2hE="></latexit>

Cell Size
CJ Pressure (MBar)
DG(P1) DG(P2)

100 µm 0.4194 0.3690
80 µm 0.3999 0.3744
60 µm 0.3802 0.3705
40 µm 0.3780 0.3622
10 µm 0.3695 0.3667

<latexit sha1_base64="D4jWLY3G9xT2V3KuUec5uJmWUjo="></latexit><latexit sha1_base64="D4jWLY3G9xT2V3KuUec5uJmWUjo="></latexit><latexit sha1_base64="D4jWLY3G9xT2V3KuUec5uJmWUjo="></latexit><latexit sha1_base64="D4jWLY3G9xT2V3KuUec5uJmWUjo="></latexit>

DCJ = 8.86 mm/µs
<latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit><latexit sha1_base64="2IZjTUK2NOx0EilBefTRHHHFVr0="></latexit>

pV N = 0.5887 Mbar
<latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="AhLa55j79Ue9KXIr9O9GtqZ6JZo=">AAACHHicbVDJSgNBEK2JWxyjJuDNy2AQPIUZL3oUvHiMYBZIhtDT00ma9DJ01yhhyA949TP8Gm/q19hZDmZ5UPB4r4qqekkmuMUw/PFKe/sHh0flY/+k4p+enVcrbatzQ1mLaqFNNyGWCa5YCzkK1s0MIzIRrJNMHud+55UZy7V6wWnGYklGig85Jeik5qBaDxvhAsE2iVakDisMat5FP9U0l0whFcTaXhRmGBfEIKeCzfx+bllG6ISMWM9RRSSzcbG4cxZcOyUNhtq4Uhgs1P8TBZHWTmXiOiXBsd305uIur5fj8D4uuMpyZIouFw1zEaAO5k8HKTeMopg6Qqjh7taAjokhFF00a1sSrSdIErv2SSFz4Wa02KEa/TbzXYzRZmjbpH3biMJG9BxCGS7hCm4ggjt4gCdoQgsopPAOH96n9+V9L+Mueavca7AG7/cPaL2lLg==</latexit><latexit sha1_base64="0u3nieBBpZqa37rSlmC6jGjBafo=">AAACO3icbZDPSsNAEMYn/rdWbcWTXhaL4KkkgrQXQfDiRVGwVWhD2Gw37dJNNuxO1BICPo1XfQxfwZfwJl7d1h6s+sHCxzc7zMwvTKUw6Lpvztz8wuLS8spqaa28vrFZqZbbRmWa8RZTUunbkBouRcJbKFDy21RzGoeS34TD03H95o5rI1RyjaOU+zHtJyISjKKNgspOGuTti+LYrR81mw3SRf6AOTkPqS6CSs2tuxORv8abmhpMdRlUne1uT7Es5gkySY3peG6Kfk41CiZ5UepmhqeUDWmfd6xNaMyNn0+OKMi+TXokUtq+BMkk/dmR09iYURzanzHFgfldG4f/1ToZRk0/F0maIU/Y96AokwQVGRMhPaE5QzmyhjIt7K6EDaimDC23mSmhUkOkoZm5JI8zaXuU/CfV6r4oWY7eb2p/Tfuw7rl178qFFdiFPTgADxpwAmdwCS1g8AhP8Awvzqvz7nx8E59zpui3YEbO5xdKV6/0</latexit><latexit sha1_base64="0u3nieBBpZqa37rSlmC6jGjBafo=">AAACO3icbZDPSsNAEMYn/rdWbcWTXhaL4KkkgrQXQfDiRVGwVWhD2Gw37dJNNuxO1BICPo1XfQxfwZfwJl7d1h6s+sHCxzc7zMwvTKUw6Lpvztz8wuLS8spqaa28vrFZqZbbRmWa8RZTUunbkBouRcJbKFDy21RzGoeS34TD03H95o5rI1RyjaOU+zHtJyISjKKNgspOGuTti+LYrR81mw3SRf6AOTkPqS6CSs2tuxORv8abmhpMdRlUne1uT7Es5gkySY3peG6Kfk41CiZ5UepmhqeUDWmfd6xNaMyNn0+OKMi+TXokUtq+BMkk/dmR09iYURzanzHFgfldG4f/1ToZRk0/F0maIU/Y96AokwQVGRMhPaE5QzmyhjIt7K6EDaimDC23mSmhUkOkoZm5JI8zaXuU/CfV6r4oWY7eb2p/Tfuw7rl178qFFdiFPTgADxpwAmdwCS1g8AhP8Awvzqvz7nx8E59zpui3YEbO5xdKV6/0</latexit><latexit sha1_base64="iPKw/+DypCQe1c7YGMOtLtdLmhY="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit><latexit sha1_base64="jcLV/M6BPRbjdYGg4H9d10MBHL0="></latexit>

pCJ = 0.363 Mbar
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Correct Detonation Velocity

Correct von Neumann Pressure

Correct Champan-Jouguet Pressure

At coarse resolutions 
the SURF model is 
notably more accurate 
with DG(P2) than 
DG(P1)
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DG(P2) Results are Also More Accurate than Staggered Grid 
Results for Same Degrees of Freedom

DCJ = 8.86 mm/µs
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DoF
DG(P2) SGH

Cell Size (µm) Det Velocity (mm
µs ) Cell Size (µm) Det Velocity (mm

µs )

200 - - 100 9.0477
600 100 8.8629 33.33 8.8948
750 80 8.8584 26.67 8.8790
1000 60 8.8657 20.00 8.8789
1500 40 8.8609 13.33 8.8639
6000 10 8.8601 3.33 8.8609
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Correct Detonation Velocity
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DG(P2) Results at 40 !m are Commensurate with SGH Results at 
13.3 !m
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DG(P2) Results are Accurate at 100 !m while SGH at 33.3 has a 
Fast Det Velocity and Low CJ Pressure
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Outline

• Solid Mechanics Models
• Deformation Mechanics
• Constitutive Models
• Analytic 1D Test Problem
• 2D Test Problems
• Summary

• Reactive Models
• ZND Detonation Wave
• Models
• Results
• Summary
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Reactive Materials Summary

• By using a sub-cell method with the programmed burn model, the DG method
avoids the problems with overshoots seen with DG and the staggered grid
method otherwise.

• The reactive burn model is functional at coarse resolutions using quadratic
polynomials with DG, but is not for linear polynomials with DG or with the
staggered grid method.

• The results from all methods converge toward the exact solution with resolution
refinement.

Future Work for Reactive Materials

• Convergence studies of the method using supported ZND analytic solutions.
• Perform 2D simulations.
• Implement other reactive burn models.
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Auxiliary Slides
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Hierarchical Limiting of Higher-Order Terms
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Equation of State Constitutive Model for Solid

PH(⌘) = ⇢0c20⌘
(1�s⌘)2

EH(⌘) = ⌘PH

2⇢0

p(⌘, e) = PH + �⇢(e� EH)

Gruneisen Model

⌘ = 1� ⇢0/⇢

� = �0 � pI

⇢0 = 2.79 g/cm3

s = 1.34

c0 = 0.533 cm/µs

� = 2<latexit sha1_base64="AsajMtUnv8EfCon/Yh0eaWsGm2k="></latexit><latexit sha1_base64="AsajMtUnv8EfCon/Yh0eaWsGm2k="></latexit><latexit sha1_base64="AsajMtUnv8EfCon/Yh0eaWsGm2k="></latexit><latexit sha1_base64="AsajMtUnv8EfCon/Yh0eaWsGm2k="></latexit>
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The Finite Hyperelastic-Plastic Constitutive Model

Deviatoric Elastic Strain

Convert to Cauchy Stress

Linear Elasticity

Deviatoric 2nd Piola-Kirchhof Stress

Update Plastic Deformation

L̃p = �̇r̃
<latexit sha1_base64="95FogjRm7nBPEKlmf1snp4N2GLA="></latexit><latexit sha1_base64="95FogjRm7nBPEKlmf1snp4N2GLA="></latexit><latexit sha1_base64="95FogjRm7nBPEKlmf1snp4N2GLA="></latexit><latexit sha1_base64="95FogjRm7nBPEKlmf1snp4N2GLA="></latexit>

F̂e = Fs+1(Fs
p)

�1

F̂0
e = det(F̂e)

� 1
3 F̂e

Ĉ0
e = F̂0T

e F̂0
e

Ê0
e =

1

2

⇣
Ĉ0

e � I
⌘
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ˆ̃S = 2GÊ0
e
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ˆ̃S0 = ˆ̃S� 1

3

⇣
ˆ̃S : Ĉe

⌘
Ĉ�1

e
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�̂0 =
1

detF
F̂e

ˆ̃S0F̂T
e
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�̂eq � Y
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Plastic Flow:

Radial Return:

Iterative Plastic
Update:
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Elastic-plastic Piston Results show large difference between 
DG(P0) and DG(P1)
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SURF Model Determines Reaction Rate for Different Pressure 
Regimes

Reaction Rate
as a function of state

R. Menikoff and M.S. Shaw. Reactive burn models and ignition & growth concept. EPJ Web of Conferences, 2010.

R. Menikoff. Shock Detector for SURF model. Technical Report, Los Alamos National Laboratory, 2016.

p0 < ps  p1 :

f0(ps)� f0(p0)[1 +B(ps � p0)]
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p1 < ps :

f1
⇥
1 + df1

�
1� exp[�B2(ps � p1)]

�⇤
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ds

dt
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<latexit sha1_base64="TSetBYbA7ZG8p1zQO+IJ7At1fVc="></latexit><latexit sha1_base64="TSetBYbA7ZG8p1zQO+IJ7At1fVc="></latexit><latexit sha1_base64="TSetBYbA7ZG8p1zQO+IJ7At1fVc="></latexit><latexit sha1_base64="TSetBYbA7ZG8p1zQO+IJ7At1fVc="></latexit>

ds

dt
=

<latexit sha1_base64="arVp24bp9TXndpRF0RpHMVRQUHo=">AAACO3icbVDLSsNAFJ3UV42v1C7dBIvgqiRF0I1QcOOygn1AG8pkMmmHTjJh5qZSQv7Erf6FH+Lanbh177TNwj4ODBzOuYd75/gJZwoc59Mo7ezu7R+UD82j45PTM6ty3lEilYS2ieBC9nysKGcxbQMDTnuJpDjyOe36k4e5351SqZiIn2GWUC/Co5iFjGDQ0tCyzEEoMckClWcB5Pfm0Ko5dWcBe5O4BamhAq1hxagOAkHSiMZAOFaq7zoJeBmWwAinuTlIFU0wmeAR7Wsa44gqL1ucnttXWgnsUEj9YrAX6v9EhiOlZpGvJyMMY7XuzcVtXj+F8M7LWJykQGOyXBSm3AZhz3uwAyYpAT7TBBPJ9K02GWNdBei2Vrb4QkwA+2rlJ1mUcp0RfIsqxUuua3TXS9sknUbdderu002t2SgKLaMLdImukYtuURM9ohZqI4Km6BW9oXfjw/gyvo2f5WjJKDJVtALj9w+HBq5M</latexit><latexit sha1_base64="arVp24bp9TXndpRF0RpHMVRQUHo=">AAACO3icbVDLSsNAFJ3UV42v1C7dBIvgqiRF0I1QcOOygn1AG8pkMmmHTjJh5qZSQv7Erf6FH+Lanbh177TNwj4ODBzOuYd75/gJZwoc59Mo7ezu7R+UD82j45PTM6ty3lEilYS2ieBC9nysKGcxbQMDTnuJpDjyOe36k4e5351SqZiIn2GWUC/Co5iFjGDQ0tCyzEEoMckClWcB5Pfm0Ko5dWcBe5O4BamhAq1hxagOAkHSiMZAOFaq7zoJeBmWwAinuTlIFU0wmeAR7Wsa44gqL1ucnttXWgnsUEj9YrAX6v9EhiOlZpGvJyMMY7XuzcVtXj+F8M7LWJykQGOyXBSm3AZhz3uwAyYpAT7TBBPJ9K02GWNdBei2Vrb4QkwA+2rlJ1mUcp0RfIsqxUuua3TXS9sknUbdderu002t2SgKLaMLdImukYtuURM9ohZqI4Km6BW9oXfjw/gyvo2f5WjJKDJVtALj9w+HBq5M</latexit><latexit sha1_base64="arVp24bp9TXndpRF0RpHMVRQUHo=">AAACO3icbVDLSsNAFJ3UV42v1C7dBIvgqiRF0I1QcOOygn1AG8pkMmmHTjJh5qZSQv7Erf6FH+Lanbh177TNwj4ODBzOuYd75/gJZwoc59Mo7ezu7R+UD82j45PTM6ty3lEilYS2ieBC9nysKGcxbQMDTnuJpDjyOe36k4e5351SqZiIn2GWUC/Co5iFjGDQ0tCyzEEoMckClWcB5Pfm0Ko5dWcBe5O4BamhAq1hxagOAkHSiMZAOFaq7zoJeBmWwAinuTlIFU0wmeAR7Wsa44gqL1ucnttXWgnsUEj9YrAX6v9EhiOlZpGvJyMMY7XuzcVtXj+F8M7LWJykQGOyXBSm3AZhz3uwAyYpAT7TBBPJ9K02GWNdBei2Vrb4QkwA+2rlJ1mUcp0RfIsqxUuua3TXS9sknUbdderu002t2SgKLaMLdImukYtuURM9ohZqI4Km6BW9oXfjw/gyvo2f5WjJKDJVtALj9w+HBq5M</latexit><latexit sha1_base64="arVp24bp9TXndpRF0RpHMVRQUHo=">AAACO3icbVDLSsNAFJ3UV42v1C7dBIvgqiRF0I1QcOOygn1AG8pkMmmHTjJh5qZSQv7Erf6FH+Lanbh177TNwj4ODBzOuYd75/gJZwoc59Mo7ezu7R+UD82j45PTM6ty3lEilYS2ieBC9nysKGcxbQMDTnuJpDjyOe36k4e5351SqZiIn2GWUC/Co5iFjGDQ0tCyzEEoMckClWcB5Pfm0Ko5dWcBe5O4BamhAq1hxagOAkHSiMZAOFaq7zoJeBmWwAinuTlIFU0wmeAR7Wsa44gqL1ucnttXWgnsUEj9YrAX6v9EhiOlZpGvJyMMY7XuzcVtXj+F8M7LWJykQGOyXBSm3AZhz3uwAyYpAT7TBBPJ9K02GWNdBei2Vrb4QkwA+2rlJ1mUcp0RfIsqxUuua3TXS9sknUbdderu002t2SgKLaMLdImukYtuURM9ohZqI4Km6BW9oXfjw/gyvo2f5WjJKDJVtALj9w+HBq5M</latexit>

p0, p1, A, B, df1
<latexit sha1_base64="W2iYsEMN25grlzGGsS3QHbPSjfQ=">AAACQ3icbVDLSgMxFE3qq9ZXazeCm2ARXJQyUwRdVt24rGAf0A5DJpNpQzOTIckoZahf41b/wo/wG9yJW8G0nYV9XDjhcO493NzjxZwpbVmfMLexubW9k98t7O0fHB4VS8dtJRJJaIsILmTXw4pyFtGWZprTbiwpDj1OO97obtrvPFGpmIge9TimTogHEQsYwdpIbvEkdq1qvxq7tnlvDG4N/MC13WLFqlmzQqvEzkgFZNV0S7Dc9wVJQhppwrFSPduKtZNiqRnhdFLoJ4rGmIzwgPYMjXBIlZPOTpigc6P4KBDSINJopv53pDhUahx6ZjLEeqiWe1NxXa+X6ODaSVkUJ5pGZL4oSDjSAk3zQD6TlGg+NgQTycxfERliiYk2qS1s8YQYaeyphUvSMOHGI/gaVYrniYnRXg5tlbTrNduq2Q+XlUY9CzQPTsEZuAA2uAINcA+aoAUIeAGv4A28ww/4Bb/hz3w0BzNPGSwU/P0DL4+vYA==</latexit><latexit sha1_base64="W2iYsEMN25grlzGGsS3QHbPSjfQ=">AAACQ3icbVDLSgMxFE3qq9ZXazeCm2ARXJQyUwRdVt24rGAf0A5DJpNpQzOTIckoZahf41b/wo/wG9yJW8G0nYV9XDjhcO493NzjxZwpbVmfMLexubW9k98t7O0fHB4VS8dtJRJJaIsILmTXw4pyFtGWZprTbiwpDj1OO97obtrvPFGpmIge9TimTogHEQsYwdpIbvEkdq1qvxq7tnlvDG4N/MC13WLFqlmzQqvEzkgFZNV0S7Dc9wVJQhppwrFSPduKtZNiqRnhdFLoJ4rGmIzwgPYMjXBIlZPOTpigc6P4KBDSINJopv53pDhUahx6ZjLEeqiWe1NxXa+X6ODaSVkUJ5pGZL4oSDjSAk3zQD6TlGg+NgQTycxfERliiYk2qS1s8YQYaeyphUvSMOHGI/gaVYrniYnRXg5tlbTrNduq2Q+XlUY9CzQPTsEZuAA2uAINcA+aoAUIeAGv4A28ww/4Bb/hz3w0BzNPGSwU/P0DL4+vYA==</latexit><latexit sha1_base64="W2iYsEMN25grlzGGsS3QHbPSjfQ=">AAACQ3icbVDLSgMxFE3qq9ZXazeCm2ARXJQyUwRdVt24rGAf0A5DJpNpQzOTIckoZahf41b/wo/wG9yJW8G0nYV9XDjhcO493NzjxZwpbVmfMLexubW9k98t7O0fHB4VS8dtJRJJaIsILmTXw4pyFtGWZprTbiwpDj1OO97obtrvPFGpmIge9TimTogHEQsYwdpIbvEkdq1qvxq7tnlvDG4N/MC13WLFqlmzQqvEzkgFZNV0S7Dc9wVJQhppwrFSPduKtZNiqRnhdFLoJ4rGmIzwgPYMjXBIlZPOTpigc6P4KBDSINJopv53pDhUahx6ZjLEeqiWe1NxXa+X6ODaSVkUJ5pGZL4oSDjSAk3zQD6TlGg+NgQTycxfERliiYk2qS1s8YQYaeyphUvSMOHGI/gaVYrniYnRXg5tlbTrNduq2Q+XlUY9CzQPTsEZuAA2uAINcA+aoAUIeAGv4A28ww/4Bb/hz3w0BzNPGSwU/P0DL4+vYA==</latexit><latexit sha1_base64="W2iYsEMN25grlzGGsS3QHbPSjfQ=">AAACQ3icbVDLSgMxFE3qq9ZXazeCm2ARXJQyUwRdVt24rGAf0A5DJpNpQzOTIckoZahf41b/wo/wG9yJW8G0nYV9XDjhcO493NzjxZwpbVmfMLexubW9k98t7O0fHB4VS8dtJRJJaIsILmTXw4pyFtGWZprTbiwpDj1OO97obtrvPFGpmIge9TimTogHEQsYwdpIbvEkdq1qvxq7tnlvDG4N/MC13WLFqlmzQqvEzkgFZNV0S7Dc9wVJQhppwrFSPduKtZNiqRnhdFLoJ4rGmIzwgPYMjXBIlZPOTpigc6P4KBDSINJopv53pDhUahx6ZjLEeqiWe1NxXa+X6ODaSVkUJ5pGZL4oSDjSAk3zQD6TlGg+NgQTycxfERliiYk2qS1s8YQYaeyphUvSMOHGI/gaVYrniYnRXg5tlbTrNduq2Q+XlUY9CzQPTsEZuAA2uAINcA+aoAUIeAGv4A28ww/4Bb/hz3w0BzNPGSwU/P0DL4+vYA==</latexit>

f1 = f0(p1)� f0(p0)[1 +B(p1 � p0)]
<latexit sha1_base64="IBF0Aa/4GOyH9gJPXUGhN4mezYw="></latexit><latexit sha1_base64="IBF0Aa/4GOyH9gJPXUGhN4mezYw="></latexit><latexit sha1_base64="IBF0Aa/4GOyH9gJPXUGhN4mezYw="></latexit><latexit sha1_base64="IBF0Aa/4GOyH9gJPXUGhN4mezYw="></latexit>

f0(p) = exp(A+Bp)
<latexit sha1_base64="JqQHeYhyWCCVpenDdpvZvj12XH8=">AAACRHicbVDLSgMxFM34rPXV2pW4GSxCi1BmRNCNUHXjsoJ9QDuUTJppQ5NJSDJqGYpf41b/wn/wH9yJWzHTzsI+Dlw4nHMv997jC0qUdpxPa2V1bX1jM7OV3d7Z3dvP5Q8aikcS4TrilMuWDxWmJMR1TTTFLSExZD7FTX94m/jNRywV4eGDHgnsMdgPSUAQ1Ebq5g6DrlMS5asOg3ogWYyfxbh0fXojyt1c0ak4E9iLxE1JEa SodfNWodPjKGI41IhCpdquI7QXQ6kJonic7UQKC4iGsI/bhoaQYeXFkx/G9olRenbApalQ2xP1/0QMmVIj5pvO5FQ17yXiMq8d6eDSi0koIo1DNF0URNTW3E4CsXtEYqTpyBCIJDG32mgAJUTaxDazxed8qKGvZj6JWUTNDKdLVMmfxiZGdz60RdI4q7hOxb0/L1adNNAMOALHoARccAGq4A7UQB0g8AJewRt4tz6sL+vb+pm2rljpTAHMwPr9A8FWsUg=</latexit><latexit sha1_base64="JqQHeYhyWCCVpenDdpvZvj12XH8=">AAACRHicbVDLSgMxFM34rPXV2pW4GSxCi1BmRNCNUHXjsoJ9QDuUTJppQ5NJSDJqGYpf41b/wn/wH9yJWzHTzsI+Dlw4nHMv997jC0qUdpxPa2V1bX1jM7OV3d7Z3dvP5Q8aikcS4TrilMuWDxWmJMR1TTTFLSExZD7FTX94m/jNRywV4eGDHgnsMdgPSUAQ1Ebq5g6DrlMS5asOg3ogWYyfxbh0fXojyt1c0ak4E9iLxE1JEa SodfNWodPjKGI41IhCpdquI7QXQ6kJonic7UQKC4iGsI/bhoaQYeXFkx/G9olRenbApalQ2xP1/0QMmVIj5pvO5FQ17yXiMq8d6eDSi0koIo1DNF0URNTW3E4CsXtEYqTpyBCIJDG32mgAJUTaxDazxed8qKGvZj6JWUTNDKdLVMmfxiZGdz60RdI4q7hOxb0/L1adNNAMOALHoARccAGq4A7UQB0g8AJewRt4tz6sL+vb+pm2rljpTAHMwPr9A8FWsUg=</latexit><latexit sha1_base64="JqQHeYhyWCCVpenDdpvZvj12XH8=">AAACRHicbVDLSgMxFM34rPXV2pW4GSxCi1BmRNCNUHXjsoJ9QDuUTJppQ5NJSDJqGYpf41b/wn/wH9yJWzHTzsI+Dlw4nHMv997jC0qUdpxPa2V1bX1jM7OV3d7Z3dvP5Q8aikcS4TrilMuWDxWmJMR1TTTFLSExZD7FTX94m/jNRywV4eGDHgnsMdgPSUAQ1Ebq5g6DrlMS5asOg3ogWYyfxbh0fXojyt1c0ak4E9iLxE1JEa SodfNWodPjKGI41IhCpdquI7QXQ6kJonic7UQKC4iGsI/bhoaQYeXFkx/G9olRenbApalQ2xP1/0QMmVIj5pvO5FQ17yXiMq8d6eDSi0koIo1DNF0URNTW3E4CsXtEYqTpyBCIJDG32mgAJUTaxDazxed8qKGvZj6JWUTNDKdLVMmfxiZGdz60RdI4q7hOxb0/L1adNNAMOALHoARccAGq4A7UQB0g8AJewRt4tz6sL+vb+pm2rljpTAHMwPr9A8FWsUg=</latexit><latexit sha1_base64="JqQHeYhyWCCVpenDdpvZvj12XH8=">AAACRHicbVDLSgMxFM34rPXV2pW4GSxCi1BmRNCNUHXjsoJ9QDuUTJppQ5NJSDJqGYpf41b/wn/wH9yJWzHTzsI+Dlw4nHMv997jC0qUdpxPa2V1bX1jM7OV3d7Z3dvP5Q8aikcS4TrilMuWDxWmJMR1TTTFLSExZD7FTX94m/jNRywV4eGDHgnsMdgPSUAQ1Ebq5g6DrlMS5asOg3ogWYyfxbh0fXojyt1c0ak4E9iLxE1JEa SodfNWodPjKGI41IhCpdquI7QXQ6kJonic7UQKC4iGsI/bhoaQYeXFkx/G9olRenbApalQ2xP1/0QMmVIj5pvO5FQ17yXiMq8d6eDSi0koIo1DNF0URNTW3E4CsXtEYqTpyBCIJDG32mgAJUTaxDazxed8qKGvZj6JWUTNDKdLVMmfxiZGdz60RdI4q7hOxb0/L1adNNAMOALHoARccAGq4A7UQB0g8AJewRt4tz6sL+vb+pm2rljpTAHMwPr9A8FWsUg=</latexit>

B2 =
B

df1
· f0(p1)� f0(p0)

f1
<latexit sha1_base64="WJACo9MkO82Q1hdpVVxLDtV2P/4="></latexit><latexit sha1_base64="WJACo9MkO82Q1hdpVVxLDtV2P/4="></latexit><latexit sha1_base64="WJACo9MkO82Q1hdpVVxLDtV2P/4="></latexit><latexit sha1_base64="WJACo9MkO82Q1hdpVVxLDtV2P/4="></latexit>

Parameters:
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LA-UR-

Shock Front and Reaction Zone are Better Defined with Increasing
Resolution
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LA-UR-

Error Calculation Equations

Smooth Flow Problems : L2

Shock Problems : L1

||U� Ua||L1 =
NumX

h=1

Z

⌦h

|U� Ua|jd⌦h

||U� Ua||L2 =

vuut
NumX
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(U� Ua)2jd⌦h
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LA-UR-

Elastic-plastic Piston:
Hypoelastic Results
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LA-UR-

Elastic-plastic Piston:
Infinitesimal Hyperelastic Results

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0  0.5  1  1.5  2

V
el

o
ci

ty

x

P1
P2

Exact

-1.8e-3

-1.6e-3

-1.4e-3

-1.2e-3

-1.0e-3

-8.0e-4

-6.0e-4

-4.0e-4

-2.0e-4

0.0e0

 0  0.5  1  1.5  2
D

e
v
ia

to
ri

c
 S

tr
e
s
s

x

P1

P2

Exact



Los Alamos National Laboratory

1/22/19   |   57

LA-UR-

Elastic-plastic Piston:
Finite Hyperelastic Results
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